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Resumo 

O presente trabalho estuda a aplicação de Redes Bayesianas Dinâmicas na modelação de processos 

de degradação da estrutura de navios. Apresenta-se a base teórica dos modelos temporais em geral 

e das Redes Bayesianas Dinâmicas em particular. Desenvolveu-se uma ferramenta de Redes 

Bayesianas Dinâmicas que consiste num código Matlab que realiza inferência em modelos com 

processos de degradação temporais. A ferramenta é então aplicada no estudo da variação do modelo 

probabilístico da resistência de placas de navios à compressão sujeitas a degradação por corrosão. É 

mostrado como um conjunto de dados simulados de medições de corrosão aumenta a precisão do 

modelo de corrosão. Os resultados são avaliados por comparação com os obtidos num estudo 

anterior por simulação Monte Carlo. Por fim, são realizados diversos estudos paramétricos de forma a 

investigar o efeito das medições de corrosão, da frequência de inspeções, do algoritmo de inferência 

e do método de previsão da corrosão na distribuição de probabilidade posterior da resistência 

máxima das placas à compressão.  

 

 

 

Palavras-chave: Redes Bayesianas Dinâmicas, Análise Bayesiana, Corrosão, Resistência de placas, 

Análise de incertezas, Modelação probabilística temporal. 
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Abstract 

The present work studies the application of dynamic Bayesian networks for modelling degradation 

processes in ship structures. The theoretical background on temporal models in general and Dynamic 

Bayesian Networks (DBN) in particular is presented. A DBN tool consisting of a Matlab code for 

performing inference on models with temporal degradation processes is developed. The tool is then 

applied to study the variation on the probabilistic model of the ultimate strength of a ship plate under 

compression subjected to corrosion degradation. A series of simulated empirical measurements is 

used to increase the accuracy on the model predictions. The results are validated against those 

obtained in previous studies by Monte Carlo simulation. Finally, several parametric studies are carried 

out to investigate how changes in the empirical measurements, in the frequency of inspections, in the 

inference algorithm and in the prediction method for corrosion degradation affect the posterior 

probability distribution of the ultimate strength of the plate. 

 

Key-words: Dynamic Bayesian Networks, Bayesian analysis, Corrosion, Plate strength, Uncertainty 

analysis, Probabilistic modelling over time. 
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1 Introduction 

1.1 Motivation 

During the last years a growing interest in Bayesian Networks as a modelling technique for uncertainty 

analysis in different domains has been observed.  A Bayesian network is a directed acyclic graph that 

represents the dependency relations between variables, quantitatively characterized, using conditional 

probability tables. By doing so, it provides an efficient representation of the joint probability distribution 

of a given domain in a given time instant.  

More recently the so-called “Dynamic Bayesian Networks” (DBNs) have been proposed, allowing the 

representation of temporal probabilistic models. By using them it is possible to model degradation 

processes, which are time dependent, while accounting for the uncertainties present in the inspection 

and maintenance plan for structures and equipment.  

It is expected that the use of DBNs would allow for a more flexible and accurate modelling of the 

deterioration processes in ship structures than conventional methods. By including the results of 

empirical measurements into the model is expected to reduce uncertainty, allowing for lower safety 

margins. 

 

1.2 Problem 

In modern industrial processes dependability (reliability, availability and maintainability) analysis and 

management are key to ensure safety and optimize performance. However, the number of variables 

influencing the outcome of even simple processes is usually large and the interactions among them 

are complex or directly unknown. For this reason, the probabilistic models used in dependability 

studies imply a great deal of simplification and, even then, it is just possible to obtain approximate 

results. Thus there is a continuous interest in developing tools and methods that allow modelling and 

performing inference on complex processes.  

In the particular case of structural reliability, some of the key factors that can endanger the survival of 

the structure are degradation processes. However, they introduce a new level of complexity into the 

models as degradation is always time dependent. The usual approach is to look into a particular 

moment of the structure service life, and deal with the problem as if it was a static one. This is a 

considerable simplification of reality as by these means it is not possible to directly account for the 

previous evolution of the structure.  

As degradation poses a danger for structures, it is common to have structures being inspected 

regularly. This is done to avoid the structure elements to degrade beyond a critical point and affect 

safety. In spite of results of inspections being a valuable bulk of empirical data, they are usually not 

used for other purpose than assessing that these critical limits are not surpassed. If reliability models 

could be updated as this data is obtained, much more accurate predictions would be possible. The 

present work deals particularly with the problem of corrosion on marine structures. It is intended to 
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perform a probabilistic analysis through a temporal model capable of including empirical data obtained 

in inspections.  

 

1.3 Objectives 

The objective of the present work is to study the application of dynamic Bayesian networks to the 

modelling of time dependent stochastic degradation processes. It is intended as well to study and 

include in the model the data from inspections so that it can be applied to problems of condition 

monitoring and/or inspection of structural elements and equipment.  

The work performed comprises the following objectives: 

 Review of the bibliography related to the Bayesian networks technique;  

 Study of the corrosion degradation models for metallic elements in vessels;  

 Develop DBN tool consisting of a Matlab code for performing inference on models with 

temporal degradation processes; 

 Modelling of the corrosion degradation process in metallic plates using dynamic 

Bayesian networks; 

 Study and modelling of the maintenance and inspection process for metallic plates 

using Dynamic Bayesian Networks; 

 Analysis of the effect of different degradation models, as well as different inspection 

and maintenance plans, on the strength of plate elements.  

 

1.4 Work Structure 

The project covers theoretical aspects of both reliability analysis and general temporal probabilistic 

models (including dynamic Bayesian networks). It also provides one practical example. 

Chapter 2 consists of a review of the existing literature on the topics involved in the present work. 

Most of its extension is devoted to probabilistic and reliability modelling, although a brief review is 

made on the topics of corrosion of ship platting and on the ultimate strength of plates under 

compression.  

Chapter 3 is entirely devoted to the theoretical foundation of DBN models. Sections 3.1 and 3.2 

provide a short introduction to Bayesian probability in general and particularly to probabilistic 

reasoning over time. Section 3.3 introduces the general inference in temporal models, while in Section 

3.4 some of the most common existing methods to build a temporal model are presented. Finally, 

Section 3.5 introduces the basic aspect of DBN construction and inference.  

Chapter 4 presents a simple practical case study on the ultimate strength analysis of a plate under 

compression, chosen to test the capabilities of the method. In Sections 4.1, 4.2 and 4.3 the case study 

is fully described, including the assumptions, the variables considered, and its graphic representation 

through a DBN model. In Section 4.4 the procedure used to simulate empirical data is described. 



3 

 

Section 4.5 describes in detail how corrosion wastage has been modelled and the algorithm used to 

perform statistical inference regarding its probability distribution.  

Finally, Section 4.6 describes how inference is performed for the whole DBN and presents some 

representative results. Section 4.8 is fully dedicated to present the results obtained by running the 

algorithm described in section 4.7 with different assumptions and combination of parameters. The 

results are compared between them and with results available from previous works.  In Section 4.9 the 

results of a FOSM sensitivity analysis on the model are presented. Finally Section 4.10 presents 

suggestions for further developments of the practical case developed.  

Chapter 5 contains the conclusions and suggestions of improvements in future works. Annex I 

describes briefly the modules of the Matlab code developed, while Annex II presents flowcharts of the 

algorithms implemented.  
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2. Literature review 

2.1. Probabilistic modelling and reliability assessment by BNs 

Adequate management of industrial systems contributes to higher degrees of safety and performance, 

while reducing significantly operational and manufacturing costs. The interest in dependability analysis 

(reliability, availability and maintainability) has been increasing, [1], [2].  As more accurate and faithful 

results are required, one of the major challenges to address in this field is the increasing complexity of 

the models, which require the use of simulation methods see [3]. When constructing a model to asses 

dependability aspects, the main difficulties to be dealt with typically are:  

 Size and complexity of the system: Meaning number of variables involved and the number of 

dependencies among them. Modern models try to include interaction between technical, human, 

organizational and environmental elements and account for different modes of failure. This can 

lead to really intricate models, [4]. 

 Integration of qualitative information and quantitative knowledge: Human agents are often unable 

to provide reliable quantitative estimations and act according to them, so often the information 

provided is of a qualitative nature. Instances of this would be failure modes, effects and critically 

analysis (FMECA), Hazard Operability /HAZOP), probabilistic risk assessment (PRA) analysis, etc. 

However, inference can only be performed in a systematic way if dealing with quantities. Thus it is 

necessary to find ways to quantify all this information and integrate it in the model, [5].  

 Multi-state and continuous variables: Those add more complexity to the system. When dealing 

with hybrid models (containing continuous variables) it is necessary either to discretize them 

(normally implying variables with a large number of possible states) or use some inference 

algorithm that allows accounting for continuous probability distributions, [6], [7]. 

 Uncertainties in the parameters estimations: Sometimes reliable methods for obtaining information 

are not available. Thus it is necessary to account for uncertainty in the measurements and the 

predictions in the probabilistic model and when assessing reliability, [8]. 

 Temporal aspects: In many cases it is necessary to consider the temporal dimension. These allow 

describing and considering phenomenon like system degradation, evolution of the symptoms 

associated to this degradation, maintenance activities, changing environmental and operational 

conditions, etc. Thus providing the human agents involved useful insight on the system during its 

operational life.  

Some of the classical methods for probability modelling and reliability assessment might prove to be 

insufficient to deal with accuracy with such kind problems. Methods like FORM and SORM; [9], 

[10][10], though simple and efficient to use, might turn out to be misleading when confronting a 

complex system.  There are a number of reliability and dependability methods, usually implying 

graphic representation of the models, developed to cope with all these requirements. Examples of 

these would be fault and event trees,  [11]; Petri nets, [12], [13], [14], [15]) or Bayesian networks, [16]. 
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For a little more than a decade now, it has been observed an increasing use of Bayesian networks for 

dependability studies. Weber et al. ([17]) have published a complete review of recent literature on 

reliability and BN, analyzing this trend. According to Weber et al. the ratio of articles related to BNs 

published in RESS journal (Reliability Engineering and System Safety) show an increase of 100% for 

the period spanning from 1999 to 2009. 

Bayesian networks do not offer a solution for all problems, but they have shown that they can work 

efficiently in complex systems, [7]. One of their main problems is the difficulty to cope with hybrid 

models, meaning a combination of discrete and continuous variables. Several methods have been 

proposed to deal with this kind of systems. Langseth et al. [18] review and proposed three main 

different options: variable discretization, Mixture of Truncated Exponentials (MTE) and Markov Chain 

Monte Carlo (MCMC). 

More recent studies have appeared accounting for dynamic aspects in the models. To do so a number 

of methods have been used, being examples of this Markov chain Monte-Carlo simulations or 

DET/DFT (Dynamic Event Trees and Dynamic Fault trees), [19]. Eventually Dynamic Bayesian 

networks (DBN) have started to become popular as well. Welch and Thelen ([20]) made a comparison 

between Markov Chains and BNs for reliability evaluation in. Ten years ago some works started to 

appear studying the transformation of models constructed with DFT into DBNs, as for example Boudali 

and Dugan [21] and Montani et al. [22].   

DBN are especially useful to model degradation processes and maintenance, being both of these on-

going processes, through the operational life of the system. They have been used for assessing 

reliability, degradation and maintenance plans by several authors ( [23], [24] and [25]). 

Dynamic Bayesian, or belief, networks are a particular type of Bayesian network especially conceived 

to represent the relations between variables at a given time and those same variables in past or future 

times. They can also be seen as a generalization of hidden Markov models (HMMs) and Kalmar filters 

(KFMs), where BN tools are used to take advantage of sparseness in temporal models.  

DBNs were developed in the early 90s and have been extensively used in robotics and AI (Artificial 

Intelligence). They have also been applied and shown potential in many other fields, including speech 

recognition，weather forecasting, bioinformatics, digital forensics and, reliability engineering.  

Although a relative novelty, DBNs have been accepted as an established method for modelling 

sequential data. Information regarding their construction and use can be found in several academic 

textbooks including  Norvig and Russell’s Artificial Intelligence [26] and Madsen and Kjaerulff’s 

Bayesian networks and influence diagrams [27]; both extensively used to develop this dissertation. 

Another valuable source of information has been the PhD dissertation from Murphy, Dynamic 

Bayesian Networks  [28], which provides extensive insights on classifying DBNs, their construction, 

their relation with HMMs and KFMs, as well as on exact and approximate inference methods.  

Different software tools capable of dealing with DBNs have been developed so far. Kjærulff [29] has 

developed a computational method for reasoning on DBNs, that has been implemented within the 

Hugin software. Other general purpose DBN libraries are Bayes net toolbox for Matlab [30], the open-

source tool kit GMTK [BZ02] [31] or BayesiaLab, from the French company Bayesia. Portinale et al. 

([32]) have developed RADYBAN, a tool specifically designed for reliability purposes, which allows to 
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model the systems using dynamic Fault trees. The software is capable of transforming them into 

dynamic Bayesian networks and then performing inference using algorithms specific to DBNs.  

Straub together with different coauthors have produced several papers applying BNs ([33],[34],[35]) 

and DBNs to dependability, reliability and risk assessment problems.  In [36] a DBN methodology is 

applied to study dependability in a tunnel excavation process. Straub have also applied DBNs for 

studying deteriorating processes: in [37] fatigue crack growth is analyzed and in [38] pitting corrosion 

in pipes is contemplated.  

In the field of ship structures, Bayesian temporal updating has been used by Garbatov and Guedes 

Soares in [39]. However, the model used in this paper is not implemented as a graphic network, nor 

are the typical DNB inference algorithms used.  

 

2.2. Corrosion in ships and its modelling 

Corrosion is one key factor to take into account when considering the aging process of a ship, as it is 

one of the most critical mechanisms affecting structural strength. To assess the reliability of corroded 

structures, it is first necessary to develop a corrosion wastage model capable of predicting how the 

process advances with time.   

Traditionally, corrosion wastage has been assumed to progress linearly with constant corrosion rate 

(e.g. [40]). However, Melchers [41] suggested a model dividing corrosion processes in immersed 

structures in four separate stages, three of them linear and one following a different power. This 

description was based on to the physical phenomena of the corrosion process.  

As experimental evidence has shown that non-linear models provide more accurate predictions, 

several authors have proposed empirical models with several linear stages or even not being linear at 

all. Examples of these would be the model proposed by Yamamoto and Ikegami, [42]; Guedes Soares 

and Garbatov, [43]; Sun and Bai [44] (adapting the model from [43]); Qin and Cui [45]; Paik [46]; Wang 

[47]; or Ivanov [48].  

For the present work the model proposed by Guedes Soares and Garbatov in [43] has been chosen. 

This is an empirical model that was developed taking into consideration the non-linear behavior of 

corrosion in ship plating as observed in previous studies. The model was later validated for tanker 

cargo and ballast tanks in [49] and for different locations in bulk carriers in [50]. 

The model considers that the corrosion process in ships can be divided in three different stages: a first 

stage where the protective coating prevents any corrosion, a stage of non-linear increase of corrosion 

depth and a final stage when corrosion rate becomes zero. This model is given by the function, as 

presented in Equation 2.1, has a sharp change of corrosion rate when the protective coat fails to avoid 

corrosion, and then progress is non-linear until corrosion depth stabilizes.  

 𝑑(𝑡) = 𝑑∞(1 − 𝑒−(𝑡−𝜏𝑐) 𝜏𝑡⁄ )    𝑡 > 𝜏𝑐        (2.1) 

𝑑(𝑡) = 0                  𝑡 < 𝜏𝑐     
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The model is governed by three parameters that can be adjusted to each particular case. τc is the 

coating life, which according to [43] vary between one 1.5 and 5.5 years depending on the ship. τt is 

the transition time, which will typically last between 4 and 4 years. d∞ is the long term maximum depth 

of corrosion wastage. Figure 2.1 shows the corrosion depth against exposed time, representing 

graphically each of the model parameters. Figure 2.2 shows how the corrosion temporal evolution 

varies for different transition times and long term corrosion depths.  

 

 

 
 

 

Figure 2.2. The corrosion evolution for different model parameters (Guedes Soares and Garbatov [43]) 

  

All these models do not account for the variability in the environmental conditions. However, it is 

evident that the working conditions of the ship might vary through its operational life. Temperature, 

wind, humidity levels, corrosive agents in the water, etc., are all factors that affect the corrosion rate 

and that do vary from one geographical point to another. Guedes Soares et al. [51]–[53] have 

proposed  an adaptation to the prediction model proposed in [43] to can account for variability in the 

environmental conditions. However, these improvements have not been considered in the practical 

case of the present work. 

The models mentioned above treat corrosion as a uniform phenomenon over a given surface. 

However, in reality, corrosion tends to be non-uniformly distributed. Teixeira, et al. ([50]) have 

Figure 2.1. Corrosion model parameters  
(Guedes Soares and Garbatov [43]) 
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compared results obtained through a non-uniform corrosion model with those obtained with regular 

uniform corrosion predictions for ship plates. Results show that there is a risk of over-estimating the 

actual ultimate strength of plates. However, non-uniform corrosion has not been considered in the 

present work. 

When dealing with reliability problems, besides prediction models, it is important to carefully consider 

the methodology used for inspections. Different inspection equipment and methods might lead to great 

differences in the accuracy of the measurements. This ought to be accounted for within the reliability 

model. Zayed and Garbatov [54] proposed a mathematical model to evaluate the effect of different 

factors on the corrosion inspection performance in ships. They propose as well various formulations to 

estimate the probability of detection of corrosion degradation. Teixeira and Guedes Soares [55] 

compared the accuracy of different measuring methodologies through simulations of random non-

uniform corrosion fields on ship plating.  

 

2.3. Ultimate strength of plates under compression.  

Stiffened panels are one of the main primary elements used in ship and other marine ship structures. 

It is for this reason that there have been many studies on these elements for decades, with continuous 

improvements and updates of the methods used to predict their strength. When considering a ship 

structure, the buckling collapse strength of stiffened panels, especially those conforming the deck and 

bottom structures, is an important design requirement. Several authors have extensively studied this 

kind of problem, using analytical, numerical and experimental approaches (for example [56], [57] and 

[58]).  

Several buckling collapse modes can occur in stiffened plates under compressive loads: such as 

overall collapse after overall buckling of the plating and stiffeners, plate-induced failure by yielding at 

the corners of plating between stiffeners, plate-induced failure by yielding of stiffener with attached 

plating at mid-span, stiffener-induced failure by local buckling of stiffener web and stiffener-induced 

failure by lateral-torsional buckling or tripping of stiffeners. Although several of these modes may 

interact and occur simultaneously, the usual approach is to study them separately for design purposes. 

Current IACS Classification Rules, although imposing several restrictions and requirements, 

essentially divide the problem into three items: buckling of plates, column buckling of stiffeners and 

torsional buckling of stiffeners.  

The present project deals exclusively with the problem of plate buckling under compressive loads. 

Plate strength will depend on several factors, including geometric and material properties, loading 

characteristics, boundary conditions and welding-induced imperfections. Guedes Soares [59] has 

analyzed the most relevant parameters affecting the ultimate strength of plates under uniaxial load. In 

general the following parameters influence the plate strength and therefore should be included in any 

simple design equation: 

- Plate slenderness, which is a non-dimensional variable, turns out to be the single most 

relevant parameter. It is defined as:  
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 𝜆 =
𝑏

𝑡
√

𝜎𝑦

𝐸
        (2.2) 

where t is plate thickness, b plate breadth, σy the material yield stress and E the Young 

modulus. 

- Initial distortions, induced by the welding process.  

- Residual stresses, also caused by the welding process.  

- Boundary conditions; presenting a significant difference between simply supported and 

clamped plates. 

 

Aspect ratio has a marginal effect on the ultimate strength for most combinations of parameters, but it 

might become relevant for some specific imperfection shapes. Thus if the shape of the distortions is 

known, it is interesting to take aspect ratio into account as well.  

The plate ultimate strength can be evaluated by either empirical or semi-empirical design equations, or 

by performing FEM analysis. For the present project, however, a semi-empirical design equation has 

been considered. In this way it is possible to evaluate ultimate strength in a very computational 

efficient and simple way.  

There are a number of design equations available to estimate ultimate strength of plates. One that has 

been extensively used in the maritime context was proposed by Faulkner, [60]. He proposed an 

expression for the ultimate strength of plates as given by:  

 𝛷𝐹 =
𝑎1

𝜆
−

𝑎2

𝜆2       (2.3) 

where a1 and a2 depend on the boundary conditions of the plate. In the same paper a correction is 

proposed for initial distortions, but residual stresses are not accounted for.  

The equation proposed by Faulkner has been modified or extended by several authors. Examples of 

this are the equation proposed by Carlsen [61], which accounts for both initial distortions and residual 

stresses or that  suggested by Guedes Soares [59], which also takes into account both imperfections 

for clamped plates. Ivanov and Rousev [62] proposed  an equation following a different approach that 

accounts only for initial distortions. Guedes Soares [63] proposed yet another model which depends 

only on a variable (plate slenderness) and has inbuilt the effect of average initial distortions and 

residual stresses. Other equations available are those proposed by Soreide and Czujko [64] or Paik et 

al., [65].  

Recently IACS has published a new set of Classification Rules for ship structures providing a 

formulation to estimate buckling strength of stiffened panels, considering the different possible failure 

modes. Essentially the plate buckling strength is calculated with a formulation of the same type as 

Equation 2.3., although the rules provide formulation for several design cases. These include types of 

in-plane load, boundary conditions, plate panel geometry and holes in the plate. Gaspar et al. [66] 

have used reliability methods to assess the implicit reliability levels in the IACS formulation for double 

hull tankers.  

In the practical case developed  for the present dissertation the equation proposed by Guedes Soares 

[59] has been adapted, as a simple and straight forward way to evaluate the plate ultimate strength. 
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This formula was developed for simply supported plates using data from several previous studies 

including both results from experiments and numerical calculations. 

According to [59] the plate strength is given by:  

𝛷𝐺𝑆 =
𝜎𝑢

𝜎𝑦
= [1.08𝛷𝐹] [(1 −

∆𝛷𝐹

1.08𝛷𝐹
) (1 + 0.0078𝜂)] · 

 · [1 − (0.626 − 0.121𝜆)𝛿𝑜][0.665 + 0.006𝜂 + 0.36𝛿𝑜 + 0.14𝜆]  (2.4) 

where: 

σu : Ultimate strength. 

σr : Yield stress. 

δo: Initial maximum distortion, made non-dimensional by dividing by the average plate thickness (t).  

η : Average width of the weld-induced tension zone, normalized by plate thickness (t).  

ΦF  : Expression proposed by Faulkner in [67] to predict the ultimate strength of steel plate under 

compression, as expressed in Equation 2.3. 

     λ : Plate slenderness, as expressed in Equation 2.2. 

where: 

b: Plate breadth.  

t: Plate thickness.  

E: Young modulus.  

ΔΦF : Reduction of perfect plate strength due to residual stresses, also proposed by Faulkner in 

[67]: 

 ∆𝛷𝐹 =
𝜎𝑟

𝜎𝑦

𝐸𝑡

𝐸
 (2.5) 

where:  

 σr : Weld-induced residual stress, calculated as:  

 

𝜎𝑟

𝜎𝑦
=

2𝜂

(𝑏 𝑡⁄ )−2𝜂
   (2.6) 

with: 

Et : Tangent modulus of elasticity. Guedes Soares and Faulkner [68] have provided a way to 

calculate it. 

The first factor between square brackets in Equation 2.4 refers to the strength of a perfect plate. 

The second factor accounts for the reduction in strength due to residual stresses alone and the third to 

the effect of initial distortions alone. The fourth factor models the interaction between both types of 

defects.  

 

 



12 

 

  



13 

 

3 Theoretical background 

3.1 Bayesian probability 

Bayesian probability is the name given to an interpretation of probability where it is seen as a state of 

belief. This conception is opposed to the traditional view of probability as the relative frequency of a 

particular outcome of an experiment repeated an infinite number of times. According to this classical 

interpretation, before a probability level is assigned to an outcome, it is necessary to either have 

sound knowledge of the laws controlling a process, or the possibility to repeat a large number of times 

the experiment.  

However, this approach might not be very practical in problems where knowledge of the laws 

governing is incomplete or non-existent, and at the same time experiments are unfeasible or too 

expensive. It is then when Bayesian probability becomes useful, as it allows to deal with hypothesis 

regarding probabilities and update them as new information is gathered.  

Bayesian probability receives its name from the 18
th
 century mathematician Thomas Bayes. One of his 

key contributions to the field of probability was the so called Bayes theorem. This theorem establishes 

the relation between prior and posterior beliefs as new information comes along:  

 𝑃(𝜃|𝑦) =
𝑃(𝑦|𝜃)·𝑃(𝜃)

𝑃(𝑦)
 (3.1) 

According to the mentioned interpretation, θ represents the hypothesis and y the new piece of 

information. P(θ) would then correspond to the prior state of belief, P(θ|y) to the posterior. P(y| θ) is 

the likelihood of the new events according to the prior system of beliefs and P(y)  acts as a 

normalizing factor.  

Reliability and risk analysis usually deal with problems presenting the above circumstances. The 

number of dangers to be taken into account will typically be very large and our knowledge about them 

and their interactions might be insufficient. Experimentation might be in many cases difficult, given that 

it will imply damaging the object of study. In the particular case of structural reliability, information will 

typically be gather in indirect ways, through non-destructive tests, or by performing destructive tests 

only on some of the separate elements that conform the whole structure.  

That is why the Bayesian approach to probability is widely used in the field and will be used in the 

present work. The theoretical aspects that will be presented along this chapter have been developed 

using a Bayesian interpretation of probability.  

Most of the theory presented in this chapter follows Chapters 14 and 15 from Norvig and Russel’s 

Artificial Intelligence [26]. 
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3.2. Probabilistic reasoning over time 

3.2.1. Uncertainty in on-going processes 

Quite often uncertainty modelling is done in the context of a static world, in which every random 

variable considered has a fixed value over time. Although this does not reflect reality, for many cases 

the changes in the variables can be assumed slow enough to consider the problem as static for the 

time window considered.  

An instance of this, staying in the field of maintenance and reliability, would be performing a diagnosis 

on some equipment that has failed. The equipment is assumed to remain broken, but without further 

deterioration, during the whole process of diagnosis. The evidences used to assess its state remain 

fixed as well.  

This cannot be assumed for every case, given that dynamic aspects of some problems might be 

essential to them. To use a similar example, when performing the diagnosis of a patient undergoing 

some illness, both the evidences (level of indicators in blood, manifested symptoms…) and the 

severity of the malady might vary within a very short time span. To correctly assess the current state 

of the patient, as well as for predicting its evolution, it is necessary to model these changes and 

account for the whole history of evidences, not just present ones.  

In the context of the present work, it is necessary to identify the variables that vary along the life of a 

structure and find an adequate temporal model to represent them. A couple of examples of this kind of 

variable would be corrosion wastage and fatigue induced cracks, since both of them appear (and vary) 

along the service life time. 

One possible option for constructing these kind of temporal models are dynamic Bayesian networks. A 

dynamic Bayesian network, or DBN, is a Bayesian network that accounts for changes in the variables 

along time. Although the inference computations themselves are virtually identical to those of regular 

Bayesian networks, the theoretical framework used to construct and think them differs. This allows for 

a more compact representation of the model than using ordinary BNs. The general temporal model 

framework, which is shared with a number of methods besides DBNs, will be introduced and explained 

in the following sections of the present chapter.  

 

3.2.2. States and evidences 

Although time is a continuous dimension, it is possible to look at time dependent problems as a series 

of stationary states, of snapshots, each one describing the problem at a particular time. At each time 

step the system studied will be governed by a set of random variables, which might be observable or 

not.  Within the time span between snapshots, the variables are assumed to remain static.  

 

From now on, the set of unobservable variables, also known as state variables will be noted as Xt for a 

given time t. The set of values to be taken by the state variables will be noted as xt. The set of 
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observable variables, also known as evidence variables, will be noted as Et. The set of observations at 

time t is et. 

 

3.2.3. Dependencies among variables: stationary processes and Markov 

assumption.  

Having defined the set of state and evidence variables for a given problem at each time step, it is left 

to state the conditional dependences among them. The most natural way to do so is to lay them down 

in chronological order, so inference can be performed following the same direction as causality 

relations. In this manner a given variable at a given time slice might be conditioned by other variables 

on the same time slice, as well as those that preceded it in time.  

If no further considerations are taken, the problem would quickly become unaffordable from a 

computational point of view, given that the number of variables as time goes on would be unbounded. 

This would create two difficulties: on one hand, it would be necessary to define an unbounded number 

of conditional probability tables (one for each variable at each time step); on the other, any of these 

conditional tables might have an unbounded number of parents (since every variable might be 

conditioned by all the other variables that preceded it in time).  

The first difficulty is overcome by assuming that the processes studied are stationary. This implies that, 

although variables might change along time, the laws governing the relation between them remain 

constant. Thus it is only necessary to define a finite number of conditional probability tables equal to 

the number of variables in a single slice, since the conditional relations will be identical at each time 

step.  

It is also possible to avoid an unbounded number of parent variables by making a Markov assumption. 

That is, to consider that the current state depends only on a finite history of previous states. In this 

way it is not necessary to account for the whole set of preceding variables. Processes following this 

assumption are known as Markov processes or Markov chains and can be subdivided in different 

types.  

In the present work only first-order Markov process will be considered, meaning that for each variable 

the current state depends exclusively on variables on the immediately previous time slice.  This 

assertion of conditional independence within state variables in different time slices can be expressed 

in probability terms as:  

 𝑷(𝑿𝒕|𝑿𝟎:𝒕−𝟏) = 𝑷(𝑿𝒕|𝑿𝒕−𝟏)                (3.2) 

where 𝑿0:𝑡−1  stands for the whole set of variables from time 0 to time t-1. 𝑷(𝑿𝑡|𝑿𝑡−1) distribution 

contains the laws describing how the state evolves along time and from now on will be known as the 

transition model.  

Parents from evidence variables are restricted even further, they will be considered to depend only on 

state variables at the current time slice. This can be easily done in the kind of problem this dissertation 

is meant to study, since the evidence to be dealt with are measurements of a given magnitude (more 
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particularly, plate thickness) that depends exclusively on the actual value of the magnitude and the 

measurement procedure used. This can be expressed as: 

 𝑷(𝑬𝑡|𝑿0:𝑡−1, 𝑬0:𝑡−1) = 𝑷(𝑬𝑡|𝑿𝑡)                (3.3) 

The probability distribution 𝑷(𝑬𝑡|𝑿𝑡) represents  the ability to obtain empirical evidence. It will be 

known from now on as the sensor model, also called sometimes observation model in the bibliography.  

Finally, to completely define the joint distribution, it is necessary to specify a prior probability 

distribution, 𝑷(𝑿𝟎), which accounts for the beliefs regarding the world before observations started. 

Taking all this into account, the joint probability distribution of all variables for a finite time, t, will be: 

 𝑷(𝑿𝟎,  𝑿𝟏, .  .  . , 𝑿𝑡,  𝑬𝟏, .  .  . , 𝑬𝑡 , ) = 𝑷(𝑿𝟎) · ∏ 𝑷(𝑿𝒊|𝑿𝑖−1)𝑡
𝑖=1 𝑷(𝐸𝑖|𝑋𝑖)              (3.4) 

The first-order Markov assumption might be exactly true for some cases or just a reasonable 

approximation for others. Corrosion wastage, for instance, does not physically depend exclusively on 

immediately previous year values, but on the whole time series. For instance, the fact of not having 

corrosion last year can either imply no corrosion in the current one (if the protecting coating is still 

effective) or a certain level of wastage (if the coating stopped being effective at some point during the 

last year). More accurate prediction can be done by considering higher order Markov process models. 

It is also possible to get around this difficulty in other ways, as it will be shown in chapter 4.  

 

3.3. Inference in temporal models 

Once the structure of a generic temporal model is stablished, there are different inference tasks that 

can be performed, depending on which information it is wished to obtain from the model. According to 

the specific problem and the data available, there are some typical operations that can be carried out:  

 Filtering or monitoring: It consists of computing the posterior distribution of a variable over the 

current state, taking into account all evidence up to date. Thus the filtered distribution might be 

written as 𝑷(𝑿𝑡|𝒆1:𝑡). This operation is to be performed by a rational agent that needs to keep 

track of the current state of an ongoing process so rational decisions can be taken.  

 Prediction: It consists of computing the posterior distribution of future states taking into account all 

evidence up to date. Thus the prediction distribution might be written as 𝑷(𝑿𝑡+𝑘|𝒆1:𝑡), for some k>0. 

This operation is performed typically when evaluating possible courses of action.  

 Smoothing or hindsight: It consists of computing the posterior distribution over a past stage taking 

into account all evidence up to the present. Thus the smooth distribution might be written as 

(𝑿𝑘|𝒆1:𝑡) , for some k such that 0<k<t. Smoothing provides more accurate information about past 

events. 

 Most likely explanation: It computes the most likely sequence of states that might have generated 

the observations. Thus it is desired to obtain the values for which 𝑷(𝒙1:𝑡|𝒆1:𝑡) is maximum. This 

procedure is useful when it is desired to obtain coherence among all the data gathered, for 

example in problems of speech recognition.  
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Besides all these tasks, it is possible also to use the framework to obtain the sensor and transition 

models, through the process known as learning. This is done by using inference to estimate what 

transitions actually took place and what states generated the measurements. The new models 

estimated are used to perform inference again, repeating the whole process iteratively until it 

converges. This is an instance of the expectation-maximization algorithm.  

Although learning processes are outside of the scope of this project, it is interesting to mention that 

they might be useful to upgrade the formulas used for predicting corrosion wastage and measurement 

accuracy.  

For the present project filtering and smoothening tasks have been implemented into a code, as a 

representative example of the capabilities of the temporal model framework.  The particular algorithms 

are presented and justified in the following sections.  

3.3.1. Filtering 

Given the previously mentioned assumption of current state variables depending only on the 

immediately previous slice and current evidence variables depending exclusively in current state 

variables, it is possible to calculate the filtered distribution as: 

𝑷(𝑿𝒕+𝟏|𝒆𝟏:𝒕+𝟏) = 𝒇(𝒆𝒕+𝟏, 𝑷(𝑿𝒕|𝒆𝟏:𝒕))   (3.5) 

This approach is known as recursive estimation and can be seen as two distinct operations: project 

the state distribution at time t to time t+1 and updating it using the new evidence, et+1: 

 𝑷(𝑿𝑡+1|𝒆1:𝑡+1) = 𝑷(𝑿𝑡+1|𝒆1:𝑡, 𝒆𝑡+1)    (3.6) 

Applying Bayes rule:  

 𝑷(𝑿𝑡+1|𝒆1:𝑡+1) = 𝛼 𝑷(𝒆𝑡+1|𝑿𝑡+1, 𝒆1:𝑡)𝑷(𝑿𝑡+1|𝒆1:𝑡)    (3.7) 

And taking into account that evidence depends only on current state variables: 

 𝑷(𝑿𝑡+1|𝒆1:𝑡+1) = 𝛼 𝑷(𝒆𝑡+1|𝑿𝑡+1)𝑷(𝑿𝑡+1|𝒆1:𝑡)       (3.8) 

Being α a normalization factor and 𝑷(𝒆𝑡+1|𝑿𝑡+1)  the sensor model. The third factor represents a one-

step prediction for the state variables and can be obtained by conditioning on the values of the state 

variables at time t: 

 𝑷(𝑿𝑡+1|𝒆1:𝑡+1) = 𝛼 𝑷(𝒆𝑡+1|𝑿𝑡+1) ∑ 𝑷(𝑿𝑡+1|𝒆1:𝑡 , 𝒙𝒕)𝑷(𝒙𝑡|𝒆1:𝑡)𝒙𝒕
       (3.9) 

Taking into account the Markov first-order assumption: 

 𝑷(𝑿𝑡+1|𝒆1:𝑡+1) = 𝛼 𝑷(𝒆𝑡+1|𝑿𝑡+1) ∑ 𝑷(𝑿𝑡+1|𝒙𝑡)𝑷(𝒙𝑡|𝒆1:𝑡)𝒙𝒕
       (3.10) 

Within the summation, the first factor is obtained directly from the transition model. The second one is 

obtained from the state distribution at time t. Thus we can think of the filtering operation as a recursive 

call that unwraps along time in chronological order. This algorithm is known as forward operation and 

it will be used also in the smoothing problem:  

 𝒇1:𝑡+1 = 𝛼𝐹𝑂𝑅𝑊𝐴𝑅𝐷(𝒇1:𝑡, 𝒆𝑡+1)       (3.11) 
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As stated before, to start the calculations it is necessary to assume some kind of state distribution to 

describe the variables before the evidence series started, 𝑷(𝑿𝟎). Thus the posterior distribution at the 

first time slice (t=1) would be: 

 𝑷(𝑿1|𝒆1) = 𝛼 𝑷(𝒆1|𝑿1) ∑ 𝑷(𝑿1|𝒙𝟎)𝑷(𝒙0)𝒙𝟎
          (3.12) 

The computation time and space required for each update remains constant, independently of t. It is to 

be noted that, although not implemented in this project, the algorithm for prediction is almost identical 

to that for filtering, just not updating the posterior distribution with new data:  

 𝑷(𝑿𝑡+𝑘+1|𝒆1:𝑡) = 𝛼 ∑ 𝑷(𝑿𝑡+𝑘+1|𝒙𝑡+𝑘)𝑷(𝒙𝑡+𝑘|𝒆1:𝑡)𝒙𝒕+𝒌
       (3.13) 

 

3.3.2. Smoothing 

The smoothed distribution is obtained by considering separately the evidence up to a given time in the 

past, k, and the evidence from k to the current time, t:  

 𝑷(𝑿𝑘|𝒆1:𝑡) = 𝑷(𝑿𝑘|𝒆1:𝑘, 𝒆𝑘+1:𝑡)       (3.14) 

Using Bayes’ rule:  

 𝑷(𝑿𝑘|𝒆1:𝑡) = 𝛼 𝑷(𝑿𝑘|𝒆1:𝑘)𝑷(𝒆𝑘+1:𝑡|𝑿𝑘, 𝒆1:𝑘)       (3.15) 

And conditional independence of the evidence:  

 𝑷(𝑿𝑘|𝒆1:𝑡) = 𝛼 𝑷(𝑿𝑘|𝒆1:𝑘)𝑷(𝒆𝑘+1:𝑡|𝑿𝑘)       (3.16) 

 𝑷(𝑿𝑘|𝒆1:𝑡) = 𝛼𝒇1:𝑘𝒃𝑘+1:𝑡       (3.17) 

As it is shown in the previous equation, smoothing operation can be subdivided into two parts. The 

first one will be the forward operation up to time k. The second one is known as the “backward” 

operation, 𝒃𝑘+1:𝑡 = 𝑷(𝑒𝑘+1:𝑡|𝑋𝑘), and it can be obtained by a recursive process from the current time 

and heading backwards, down to time k. Conditioning the distribution on Xk+1: 

 𝑷(𝒆𝑘+1:𝑡|𝑿𝑘) = ∑ 𝑷(𝒆𝑘+1:𝑡|𝑿𝑘, 𝒙𝑘+1)𝑷(𝒙𝑡+𝑘|𝑿𝑘)𝒙𝑘+1
       (3.18) 

Using again conditional independence of the evidence:  

 𝑷(𝒆𝑘+1:𝑡|𝑿𝑘) = ∑ 𝑃(𝒆𝑘+1:𝑡|𝒙𝑘+1)𝑷(𝒙𝑡+𝑘|𝑿𝑘)𝒙𝑘+1
       (3.19) 

 𝑷(𝒆𝑘+1:𝑡|𝑿𝑘) = ∑ 𝑃(𝒆𝑘+1, 𝒆𝑘+2:𝑡|𝒙𝑘+1)𝑷(𝒙𝑡+𝑘|𝑿𝑘)𝒙𝑘+1
       (3.20) 

 𝑷(𝒆𝑘+1:𝑡|𝑿𝑘) = ∑ 𝑃(𝒆𝑘+1|𝒙𝑘+1)𝑃(𝒆𝑘+2:𝑡|𝒙𝑘+1)𝑷(𝒙𝑡+𝑘|𝑿𝑘)𝒙𝑘+1
       (3.21) 

Of the three factors within the summation, the first one is obtained from the sensor model, the third 

one from the transition model and the second one is the recursive call, so it is possible to write:  

 𝒃𝑘+1:𝑡 = 𝐵𝐴𝐶𝐾𝑊𝐴𝑅𝐷(𝒃𝑘+2:𝑡 , 𝒆𝑘+2)          (3.22) 
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Note that for calculating the smoothed distribution the backward operation has to be initialized at bt+1:t, 

which will be taken as P(et+1:t|Xt) = 1, where 1 is a vector of 1s.       

Both the forward and the backward operation have constant computational time for every step. The 

smoothed distribution fort each time slice can be obtained using the so called forward-backward 

algorithm, which consists of performing first the forward operation for the whole time series, save the 

results and then do the backward operation. This algorithm uses O(t) time and O(|f|t) space, where |f| 

is the size of results of the forward operation.  

 

3.4. Different temporal models 

The general framework for temporal models presented has been used to develop different methods, 

being Dynamic Bayesian Networks just one of them. Some of these methods are presented below, 

explaining their applications and limitations. 

3.4.1. Hidden Markov Models (HMM) 

An HMM is a temporal model where there is one single discrete state variable at each time slice. It can 

deal also with problems with several state variables; however, they need to be joined in a single 

combined variable that contains tuples with all the possible values of the original variables. When 

dealing with problems containing a large number of variables, as in it is frequent in structural reliability 

analysis; this approach can become quite inconvenient. 

The restrictions applied in HMM allow for a very simple implementation of the original algorithms and 

thus it has been used widely in several fields. The method was originally developed in 1960 by Baum 

and Petrie ([69] and started to be applied in the 70s for speech recognition problems. The first 

successful speech recognition system, developed in 1976, was known as HARPY [70], [71] and its 

final version, based on a previous system built by James Baker [72], made use of HMMs. So would 

another of the first speech recognition systems, developed by IBM [73]. HMMs have been used 

continuously for speech recognition problems, although relatively recently it has been proposed that 

DBNs might provide a better solution [74], [75]. 

Hidden Markov models are used in several other fields including econometrics, computer vision, signal 

processing, cryptanalysis, and computational biology. In finance, the models can be used to simulate 

transitions between different debt default regimes in time [76]. In computer vision they have been used 

for example to decode American Sign Language (ASL) [77]. In the 80s HMM started to be used for the 

analysis of DNA sequences and has been since then widely used in bioinformatics [77],[78], [79].  



20 

 

3.4.2. Kalman filter 

Also known as linear quadratic estimations (LQE), it is used when dealing with continuous variables 

and noisy observations over time. That is why Kalman filtering is used typically for tracking purposes. 

In this kind of problems the variables are all continuous: coordinates of the tracked body, its velocity 

and acceleration, etc. 

The main assumption in the Kalman filter algorithm is to consider the transition and sensor models as 

Gaussian distributions. Thus the immediate future state of the problem can be obtained through a 

linear function of the present state plus some Gaussian noise. This turns out to be a reasonable 

assumption in many occasions, since the error in observations is often normally distributed, given the 

right methodology is used to carry on measurements.  

In a model with Gaussian transition and sensor models, posterior state variables distributions will be 

Gaussian distributed as well. This is important because models with continuous or hybrid (continuous 

and discrete) variables tend to generate posterior distributions whose representation grows without 

bound as times goes on. There are few exceptions to this tendency and Gaussian distributions are 

one of them.  

The Kalman filter was firstly introduced in 1960 in [80] and its classical application has been radar 

tracking for aircraft and missiles [81], [82]. It has been used for acoustic tracking of submarines and 

ground vehicles [83], space craft reentering the atmosphere [84], reconstruct bubble chamber 

photographs [85] and ocean currents from satellite surface measurements [86]. Actually any system 

characterized by continuous variables and noisy measurements can be studied using Kalman filtering.  

Regular Kalman filter algorithm might give misleading results when the assumption of Gaussian 

distributions is not valid. One way to try to overcome this is with the extended Kalmar filter, EKF, which 

considers that the transition model is locally linear for the mean value of the current state distribution 

(see [87]). This works well with “smooth” systems without sharp changes. For instance, a corrosion 

process might not be linear, but it is liable to be smooth.  

Some systems studied with Kalman filter might actually present a very significant non-linearity. For 

instance, when tracking a plane on the radar, the pilot might decide to make a sharp turn to either the 

right or the left to avoid an obstacle. Thus the transition model has to account for each possible path, 

given that both of them are equally probable. To deal with this kind of problems the switching Kalman 

filter was developed. [88]. The basic principle behind the switching Kalman filter is to use a weighted 

sum of predictions taking into account all possibilities. This is actually the same principle at work in the 

dynamic Bayesian network formulation, which might be a more straight forward approach for problems 

presenting non-linear behaviors or non-Gaussian distributions.  

Another typical difficulty in Kalman filter problems is uncertain identity. When tracking several objects, 

there might be a problem assigning different empirical measurements to each object. This is known as 

the data association problem and different authors have dealt with them [89]–[93]. 
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3.4.3. Dynamic Bayesian Networks 

Dynamic Bayesian networks can be seen as a sparse coding of a Markov process, providing a tool for 

both general probabilistic representation and inference in a system containing time dependent random 

variables. It has been already mentioned that DBNs are nothing but regular BNs where variables are 

ordered chronologically. This might simplify greatly its representation and provides a systematic way 

to look at the conditional relations between state and evidence variables as times goes on.  

Comparing DBNs with other temporal models, it is possible to see HMM and Kalman filters as a 

particular instance of DBNs. A Kalman filter can be represented as a DBN with continuous variables 

and Gaussian conditional distributions. Thus every Kalman filter can be represented as a DBN, but not 

every DBN can be treated as a Kalman filter.  

A HMM is nothing but a DBN with a single state variable. It has been mentioned already that actually 

systems with several variables can be fit into an HMM if they are combined into one single variable of 

tuples. Therefore, in opposition to Kalman filters, HMM could be used to represent any DBN.  

The main advantage of DBNs is that they can account for the sparseness in the temporal probability 

model and use conditional independence among state variables to reduce computational time and 

space.  Imagine a system defined by 20 time dependent variables, each one capable of taking 2 

different values and with 3 parents at the previous time slice. If the HMM is used, then it is necessary 

to consider a single variable with 2
20

 possible states. The transition model, thus, has to account for 

2
20

·2
20

=2
40

 probabilities, roughly one trillion of them. On the other hand, the DBN transition model only 

needs to account for 20·2
3
=160 probabilities. It is easy to see that as the number of variables 

increases, HMM becomes less and less suitable.  

 

3.5. Dynamic Bayesian Networks 

3.5.1.  Construction and representing 

As it has been explained already, it is necessary to specify only three kinds of information to construct 

a DBN: a prior distribution over the state variables, a transition model and a sensor model. Once all 

this is set, it is possible to completely define graphically the whole network just by representing two 

time slices: one at time zero, before any evidence is gathered and another one containing the first 

piece of evidence.  

Imagine for example a very simple DBN designed to model the pressure within a pipe. To measure 

this pressure, there is a pressure sensor within, which gives a reading: 
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Figure 3.1. Pressure sensor DBN. 

Before the pressure sensor starts sending readings, it is necessary to establish some previous belief 

regarding pressure inside the tank. For example, it can be assumed that there is a high probability that 

the pressure within the pipe is the design one. Once the sensor starts sending data, it is necessary to 

establish which is the probability of readings corresponding to reality. For example, there might be an 

error of measure, or the sensor might be broken. 

Of course, this is a very simple case that might be of little use, but it is possible to improve it by adding 

more nodes. For example, it can be used for diagnosis by adding a node accounting for the probability 

of having a leak. Other instance would be to stop assuming that the probability of the pressure sensor 

being broken is static. Thus, the probability of the pressure sensor sending readings not related to 

reality (for example, zero pressure) will increase if we get a lot of incoherent readings in a row. To do 

so, it is just necessary to add another node to define the probability that the sensor is broken. Finally, 

it is possible to add other evidence variables. For example, results of pipe thickness inspections could 

be included, so the probability of having a leak can be modeled more accurately.  

For more complex networks like this, the general rules for regular BN manual construction can be 

used to define the prior distribution. First it is necessary to identify all the state variables involved and 

the causal relations among them.  In our example, the state variables would be pipe leakage, pipe 

pressure, pipe thickness and broken sensor. High pipe pressure or low pipe thickness might be a 

cause for pipe leakage. A broken sensor is a “cause” of what we know about the pipe pressure.  

To actually draw the network, nodes are added one by one. Every time a new node is added, 

directional links have to be drawn to it from any node previously added which might have a 

dependency with the new variable. As long as this rule is followed (links drawn only from previously 

drawn nodes to the new ones) the network will be a DAG (directed acyclic graphic) and correctly 

represent the joint distribution. However, different adding order might result in more or less complex 

networks. As a general rule, it is recommendable to add the nodes following the causality sequence, 

since this procedure tends to get simpler networks.  

For the kind of problems that this work deals with, the number of state variables will remain constant at 

every time slice, since the process is stationary. Thus once time zero slice is built, it is enough to 

replicate it to have the hidden variables at time one. This will be done by convention on the right side 

of the time zero slice.  

Next step is to establish the links between slices. This is done by considering which circumstances 

(variables) of the past do affect the present state of the problem. For instance, in the pipe problem, 

one can consider that the current state of pipe thickness, pipe pressure, pipe leakage and broken 
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sensor will all depend on their own past state. Pipe thickness will tend to decrease with time due to 

corrosion and wearing, so small reductions are expected. In normal conditions pipe pressure is not 

supposed to vary dramatically, so present states will be similar to past ones. Leakages and failures in 

the sensor will stay unless they are repaired, so the chances to have a leakage in a given time if there 

has been one on the previous slice is equal to one.  

Finally, it is necessary to include the evidence nodes in the slice corresponding to time one. 

Customary evidences are taken as children of the state variables that cause them. For example, the 

pressure in the pipe would be a parent of the pressure sensor reading, so would be the variable 

“broken sensor”.  

Figure 3.2 shows the final DBN of the pipe leakage diagnosis taking all this into consideration.  

 

Figure 3.2 Leakage diagnosis DBN. 

3.5.2. Exact inference in BN 

3.5.2.1 Enumeration inference 

The straightest approach to inference in Bayesian Networks is called enumeration. It is based on the 

possibility to compute a given conditional probability by summing terms of the conditional joint 

distribution. Imagine it is required to calculate the conditional probability of a single query variable, X, 

given the evidence, e: 

 𝑷(𝑋|𝒆) = 𝛼𝑷(𝑋, 𝒆) =  𝛼 ∑ 𝑷(𝑋, 𝒆, 𝑦)𝑌        (3.23) 

where Y are the non-query variables. This means that the probability of having a particular outcome 

given the evidence can be computed considering all the possible combinations of hidden variables 

which lead to this outcome.  

The values within the summation are obtained directly from the joint distribution, which in turn can be 

obtained using the chain rule of Bayesian probability:  
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 𝑷(𝑋, 𝒆, 𝑌1, 𝑌2, . . . , 𝑌𝑛) = 𝑷(𝑋, 𝒆|𝑌1, 𝑌2, . . . , 𝑌𝑛) · 𝑷(𝑌1|𝑌2, . . . , 𝑌𝑛) · … · 𝑷(𝑌𝑛)          (3.24) 

Therefore, the distribution of the query variable can be obtained as the sum of products of conditional 

probabilities from the network. The order of multiplication has to respect parent-child hierarchy, so the 

conditional probability of child variables can be obtained given the particular value of the parent one.  

For a BN with n variables, each capable of taking m different values, inference by enumeration 

presents a complexity of O(m
n
). It is easy to see that computational time required might be 

unacceptable when dealing with complex networks.  

Marginal improvement in performance can be achieved just by changing the order in which operations 

are performed. Combining equations 3.24 and 3.25, conditional probability can be expressed as:  

 𝑷(𝑋|𝒆) = 𝛼 ∑ ∑ … ∑ 𝑷(𝑋, 𝒆|𝑦1, 𝑦2, . . . , 𝑦𝑛) · 𝑃(𝑦1|𝑦2, . . . , 𝑦𝑛) · … · 𝑃(𝑦𝑛)𝑌𝑛𝑌2𝑌1
       (3.25) 

It is possible to re-write the equation to avoid unnecessary multiplication operations:  

 𝑷(𝑋|𝒆) = 𝛼 ∑ {𝑃(𝑦𝑛) · [∑ 𝑃(𝑦𝑛−1|𝑦𝑛)𝑌𝑛−1
(· … · ∑ 𝑷(𝑋, 𝒆|𝑦1, 𝑦2, . . . , 𝑦𝑛)𝑌1

)]}𝑌𝑛
        (3.26) 

 

3.5.2.2 Variable elimination 

Some algorithms try to reduce the complexity of exact inference by avoiding repeating the same 

calculations several times. The most common one is known as variable elimination and it is based on 

performing summations on partial products. 

In equation (3.26) operations would be performed from left to right. A value would be fixed for P(yn), 

then the summation for all the possible values of Yn-1 would be performed. This forces to perform a 

loop over all the other variables for each value of Yn. Variable elimination works the other way around, 

starting by the right side of the expression and storing the results of each summation as a factor. 

These stored results can be reused when looping over higher order summations, so it is not necessary 

to calculate them again.  

Let’s look into the example presented in Figure 3.2, paying attention exclusively to the time slice. 

Variables in this case would be: 

 Broken sensor (B), a binary variable. 

 Pipe pressure (P), a discrete variable with m values. 

 Pipe thickness (T), with m possible values as well. 

 Leakage (L), a binary variable. 

If leakage is made the query variable, then it can be computed as:  

 𝑷(𝐿) =  𝛼 ∑ ∑ ∑ 𝑷(𝐿|𝑝, 𝑡) · 𝑃(𝑡) · 𝑃(𝑝|𝑏)𝐵𝑃𝑇           (3.27) 

which can be rewritten as:  

 𝑷(𝐿) =  𝛼 ∑ [𝑃(𝑡) · ∑ (𝑷(𝐿|𝑝, 𝑡) ∑ · 𝑃(𝑝|𝑏)𝐵 )𝑃 ]𝑇           (3.28) 
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Now proceeding creating and saving factors for each of the prior probabilities distributions implied in 

the computation. Each factor would be a matrix containing all possible combinations of the variables 

implied:  

 𝒇𝑻(𝑇) = (
𝑃(𝑡1)

.
𝑃(𝑡𝑚)

)            (3.29) 

 𝒇𝑷(𝐿, 𝑃, 𝑇) = (
𝑷(𝐿|𝑝1, 𝑡1) … 𝑷(𝐿|𝑝1, 𝑡𝑚)

… … …
𝑷(𝐿|𝑝𝑚, 𝑡1) … 𝑷(𝐿|𝑝𝑚, 𝑡𝑚)

)           (3.30) 

 𝒇𝑩(𝑃, 𝐵) = (

𝑃(𝑝1|𝑏) 𝑃(𝑝1|¬𝑏)

𝑃(𝑝2|𝑏) 𝑃(𝑝2|¬𝑏)
…

𝑃(𝑝𝑚|𝑏)
…

𝑃(𝑝𝑚|¬𝑏)

)             (3.31) 

It is to be noticed that 𝒇𝑷(𝐿, 𝑃, 𝑇) is actually an m x m x 2 size matrix, since it has to account as well for 

the two possible states of L.  

Now starting by the right side of equation 3.29 by summing up fB(P, B) for all the possible values of B, 

storing the result as a new factor:  

 𝒇�̅�(𝑃) = ∑ 𝒇𝑩(𝑃, 𝑏)𝐵 = 𝒇𝑩(𝑃, 𝑏) + 𝒇𝑩(𝑃, ¬𝑏) = (

𝑃(𝑝1)

𝑃(𝑝2)
…

𝑃(𝑝𝑚)

)             (3.32) 

The resulting factor will be a vector of size mx1. Notice that with this operation the variable B has been 

eliminated and from now on it will appear no more in the calculations. The resulting factor has to be 

multiplied by 𝒇𝑷(𝐿, 𝑃, 𝑇) in what is known as pointwise product. The resulting factor variables will be 

the union of the variables of all the other factors taking part into the multiplication. The values 

assigned to each combination of variables will be the product of the values assigned to the same 

combination of variables in the original factors:  

 𝒇𝑷�̅�(𝐿, 𝑃, 𝑇) = 𝒇𝑷(𝑃, 𝑇)  𝑋  𝒇�̅�(𝑃) = (
𝑷(𝐿|𝑝1, 𝑡1) · 𝑃(𝑝1) … 𝑷(𝐿|𝑝𝑚, 𝑡1) · 𝑃(𝑝𝑚)

… … …
𝑷(𝐿|𝑝𝑚, 𝑡1) · 𝑃(𝑝𝑚) … 𝑷(𝐿|𝑝𝑚, 𝑡𝑚) · 𝑃(𝑝𝑚)

)            (3.33) 

This factor will be of size m x m x 2 again. Summation over P is performed now, obtaining a factor of 

size m x 2: 

 𝒇�̅��̅�(𝐿, 𝑇) = ∑ 𝒇𝑷�̅�(𝐿, 𝑃, 𝑇)𝑃 = (
𝑃(𝑙|𝑡1) 𝑃(¬𝑙|𝑡1)

… …
𝑃(𝑙|𝑡𝑚) 𝑃(¬𝑙|𝑡𝑚)

)             (3.34) 

Pointwise product is performed again: 

 𝒇𝑻�̅��̅�(𝐿, 𝑇) = 𝒇𝑻(𝑇) 𝑋 𝒇�̅��̅�(𝐿, 𝑇) = (
𝑃(𝑙|𝑡1) · 𝑃(𝑡1) 𝑃(¬𝑙|𝑡1) · 𝑃(𝑡1)

… …
𝑃(𝑙|𝑡𝑚) · 𝑃(𝑡𝑚) 𝑃(¬𝑙|𝑡𝑚) · 𝑃(𝑡𝑚)

)             (3.35) 

Finally the query probability can be obtained by performing the last summation over T and normalizing 
the resulting factor:  

 𝑷(𝐿) = 𝛼 · 𝒇�̅��̅��̅�(𝐿) = 𝛼 · ∑ 𝒇𝑻�̅��̅�(𝐿, 𝑇)𝑇              (3.36) 
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3.5.2.3 Computation complexity of exact inference in Bayesian networks 

Computational complexity using the variable elimination algorithm in BN depends strongly on the 

structure of the network itself. If the network conforms a polytree, meaning a network where there is 

one only undirected path in between any two nodes, time and space complexity are linear with the 

size of the network. When talking about network size, it is meant the total number of entries at the 

conditional probability tables. In other words: the sum of the product of number of parents and number 

of possible states at each node.   

When dealing with Bayesian networks that are not polytrees, complexity using variable elimination 

might vary and can get as bad as with regular enumeration, O(m
n
). To get around this, there are a 

number of methods known as clustering algorithms, which allow transforming a given BN into a 

polytree by joining some of the variables into one single mega node. It was not necessary to use 

clustering for the practical case presented in this project and thus these methods will not be further 

explained here.  

However, it is important to remember that any problem can be faithfully represented by several 

Bayesian networks, depending on the order in which variables are added. Computational complexity 

when solving the problem will depend on the particular structure chosen. Even if one of the possible 

BNs is a polytree, most of them will not be. That is why it is important to pay close attention to the BN 

construction process and try to choose the best of all possible options.  

 

3.5.3. Exact inference in dynamic Bayesian networks 

The most obvious way to perform inference in DBNs is known as unrolling. It consists in replicating 

slices until there are enough of them to account for the whole set of observations. Once this is done, 

the DBN can be seen just as a regular BN, thus it is not necessary to modify the algorithms used for 

inference in the later.  

 

Figure 3.3 Unrolling. 

A naive application of unrolling might prove to be inefficient, since the time and space complexity for 

inference at a given time t would be O(t). If it is required to update the probability distributions as new 

observations come along, complexity will increase without bounds as time goes on.  
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To avoid increasing complexity it is possible to modify the original inference algorithms by taking into 

account the principles of inference in temporal models, as shown in Section 3.2. Particularly, it has 

been mentioned that filtering update can be achieved with constant time and space requirements if it 

is done in a recursive way. To do so, it is necessary to identify the state variables that will act as 

parents for state variables in the next time slice. Then the variable elimination algorithm is performed 

in order to sum out the whole current slice into the posterior distribution of these state variables. By 

doing so, we are complying simultaneously with the filtering operation presented in equation 3.10.  

To perform smoothing, the procedure is analog, but it is necessary to perform both the forward and 

backward operation. It is to be noticed than when doing the backward operation, variable elimination is 

performed in reverse order, starting by the later evidence and proceeding in the direction of older time 

slices.  

 

3.5.4. Approximate inference in dynamic Bayesian networks 

Although they have not been discussed here, there are several ways of performing approximate 

inference in Bayesian Networks. Two of the most common would be likelihood-weighting and Markov 

chain simulation. Both of them are particular instances of Monte-Carlo methods.  

The first has been used in the present work, as it can be more easily adapted from regular BNs to 

DBNs. The main characteristic of this algorithm in front of other Monte-Carlo methods is that avoids 

inefficiency by generating samples consistent with the evidence.  

In the original algorithm for regular BNs, evidence variables are considered to have a fixed value and 

only non-observable variables are sampled. To guarantee that the events generated are coherent with 

the evidence, each event is weighted by the likelihood of the whole set of evidence.  

It is to be remembered that the likelihood is the probability of the evidence given its non-observable 

parents, thus the likelihood of the whole set of evidence will be the product of the likelihood functions 

associated to each observable variable. Therefore, it can be seen intuitively that events making the 

evidence unlikely will have lower weights that those that adjust better to the observations.  

The probability distribution function is obtained assigning to each event the sum of the weights of all 

the samples that contained that particular event. The result is normalized and used as the distribution. 

When using regular likelihood-weighting samples are generated using the probability distribution of 

state variables given their parents. Thus, if some particular evidence variable is not a parent of a 

particular state variable, the first will not affect at all the sampling of the second. This is corrected 

afterwards using the weight. However, if there are a lot of evidence variables that are not parents of 

the state variables, a situation can be found where most of the samples generated have nothing to do 

with the observed evidence and the distribution will be dominated by events with a very low weight.  

The structure of DBNs, as described in Section 2.5.1, contains only evidence variables that are 

parents of no hidden variables, but their children. As time goes on, this can imply misleading results. 

To solve this setback a modification has been introduced in the likelihood weighting algorithm. 
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An original population of samples is created for time 0, before the evidence series start. Then the 

sample is propagated forward using the transition model. Thus, giving a sample xt , a new sample will 

be obtained using the probability distribution P(Xt+1|xt). Then each sample is weighted according to the 

likelihood of the new evidence, just like with the regular likelihood weighting method. However, the 

difference strives that now the population is resampled, in a way that every new sample is obtained 

from the original set of samples, but using the weight to determine which of them are more probable to 

be taken. In the new set samples will be unweighted. Finally, they are propagated forward again.  

Thus the key difference of this method compared to the original one is that weighting by the likelihood 

is done at every time slice and not for the whole network at once. This method is known as particle 

filtering and has been proved to be consistent. It has been seen in practical cases that particle filtering 

also provides an efficient way of performing inference. However, there is no theoretical guarantee that 

this is the case for any possible network. 

 

3.6. DBN applied to reliability assessment   

Structural reliability assessment regularly presents problems of great complexity. Any structure is 

exposed to a wide range of possible hazards and damaging agents, which in turn can cause several 

modes of failure. This is especially true for complex structures, where frequently it is necessary to 

consider separately different parts of it to properly assess risk.  

As a consequence, it is normally required to make important simplifications when modelling the 

problem, in order to have an affordable number of variables. In spite of this exact inference of the 

probability of failure is normally out of question due to computational complexity.  

Thus a number of methods are commonly used to get approximations of the probability of failure. 

Some of the simplest ways to evaluate it are based on the linearization of the limit state function using 

first order Taylor series. If variables involved in a problem can also be assumed to be normally 

distributed and the limit state function is linearized for these variables, then the limit state function will 

be normally distributed as well. The mean value and variation of the limit state function can then be 

obtained as well as a linear combination of the means and variations of the different variables.  

An example of these methods is the mean value, first order, second moment reliability index 

(MVFOSM), where the variables are linearized around their mean value; or first order reliability 

methods (FORM, [9]), which linearizes the variables around a point that makes the state function to be 

zero. A more complex approach are the second order reliability methods (SORM, [10]), based on the 

same principles but using second order Taylor expansion.  

Monte-Carlo methods have been used as well aiming to obtain more accurate results. The basic idea 

behind those methods is to sample the model variables using their probability distribution. The 

proportion of the total samples that falls into the failure dominion is taken as the probability of failure. 

Monte-Carlo simulations do typically imply a much higher degree of computational complexity, 

especially since the event to be evaluated (failure) is a rare one. Thus it is important to find an 
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adequate method for sampling, in order to obtain the same level of accuracy with a minimum number 

of samples. 

At this point it has been made obvious that dynamic Bayesian networks do not offer great 

computational advantage. The exact inference algorithms used in DBNs often require an unacceptable 

amount of time. In spite of this, it is remarkable that these algorithms are far more efficient than the 

direct application to temporal models of those used in regular BNs. They are also more efficient than 

other methods commonly used when dealing with temporality, like Hidden Markov models.  

Regarding approximate inference, it has been already mentioned that the algorithms used in DBNs 

are just particular instances of the Monte-Carlo methods family. Therefore, in spite of providing an 

efficient way of performing temporal updates, approximate inference in DBNs cannot be seen as 

something essentially different.  

The key merit of dynamic Bayesian networks is that they provide a very compact but insightful way to 

represent complex temporal dependent problems. This has a great deal of advantages. First of all, it 

provides a framework for efficient and detailed analysis and modelling of reality. Very complex models 

can easily be built and studied using DBNs. 

Besides this, it has been shown that thinking problems as dynamic Bayesian networks might be useful 

when trying to improve inference procedures. By using them it is possible to take the maximum 

advantage of sparseness in the probability model.  
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4 Application of DBN to strength assessment of 

corroded plates 

4.1  Case study description 

The objective of this case study is to use a DBN tool developed for assessing the ultimate strength of 

a corroded steel plate with random initial distortions and random material and geometrical properties. 

The calculations will be carried out for a simply supported steel plate under compression which 

dimensions are length (a) and width (b) of 850mm and thickness (t) of 18mm. These dimensions have 

been chosen in accordance with a previous paper [62], in order to get directly comparable results. 

Semi-empiric design equations are used for predicting ultimate strength for the plate. More particularly, 

the formula proposed by Guedes Soares in [59] and shown in Equation 2.4. has been adopted. In this 

dissertation residual stresses in the plate have not been considered, thus the ultimate strength is given 

by:   

 𝛷𝐺𝑆 =
𝜎𝑢

𝜎𝑦
= {1.08𝛷𝐹}{1 − (0.626 − 0.121𝜆)𝛿𝑜}       𝑓𝑜𝑟 𝜆 > 1                   (4.1) 

Corrosion wastage on the plate is predicted using the model proposed by Guedes Soares  and 

Garbatov [43]. A set of fictitious corrosion measurements are generated and used to assess how 

evidence affects the predicted ultimate strength. The parameters of the corrosion model are those 

used by Teixeira et al. [62] which were originally obtained from empirical data gathered from the 

plating of bulk carriers [50].  

The flow diagram for the code developed for this practical case can be found in Annex I and a brief 

description of each of the code modules can be found in Annex II. 

 

4.2 Stochastic models of the random variables 

Following [62], seven unobservable random variables are considered. Six of them are time invariant, 

describing the initial characteristics of the plate. The seventh is the corrosion wastage, which varies 

along time.   

All the random variables are physically continuous and initially defined using continuous probability 

distributions. Nevertheless, for the present work only discrete variables have been considered for 

performing inference within the DBN model. The discretization of the variables is done taking a 

domain and dividing it into intervals of equal width along the variable axis. The domain to be used is 

defined considering the area under the probability curve associated to that domain. For each variable 

an area of 0.999 has been considered and it has been selected so the tails of the distributions that are 

left out of the domain have each an area of 0.0005. 

The variables and their assumed distributions are: initial distortions, measured as the maximum 

distortion divided by nominal thickness; plate breadth, plate thickness, yield stress, Young modulus 
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and corrosion wastage. For the corrosion wastage two different situations have been studied: one 

without empirical measurements to update the probability distribution and another where a set of plate 

thickness measurements is simulated. When empirical data is not considered, corrosion wastage 

follows a Weibull distribution, with parameters varying along time. When the empirical data is taken 

into consideration, the posterior corrosion wastage distribution is obtained through the product of a 

normal distribution (corresponding to the sensor model) and the summation of several weighted 

Weibull distributions (corresponding to the transition model). 

Besides those unobservable state variables, there is one evidence variable, the measured corrosion 

wastage, in millimeters. The parameters for all the variables are summarized in Table 4.1. Figure 4.1 

rshows graphically the probability distribution for each variable. The corrosion wastage distributions 

correspond to the theoretically predicted ones at year 10.  

 

Table 4.1. DBN variable parameters. 

Variable  Abbreviations Distribution Mean value St. Dev.  Categories 

Plate breadth b Normal 850 mm 1,65 mm 301 

Initial distortions δo Lognormal 0,1 0,06 301 

Initial plate thickness to Normal 18 mm 0,22 mm 301 

Yield stress σy Lognormal 269 MPa 21,52 MPa 301 

Young modulus E Lognormal 206,000 MPa 20,600 MPa 301 

Corrosion wastage w(t) Weibull Varying Varying 301 
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Figure 4.1 Model variables probability distributions.  
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4.3 Dynamic Bayesian Network 

The DNB describing the relation among variables is really straight forward, as practically each variable 

is a direct parent of the ultimate strength of the plate. Figure 4.2 shows the graphic representation of 

the DBN of the plate strength case study. 

 

 

 

 

For all state variables but corrosion wastage and ultimate strength, the transition model actually 

indicates that there is no transition at all. The probability distributions of all these variables are time 

independent and thus remain constant at each time slice. 

The representation of these transitions on the graphic is important to differentiate them from the case 

of the “ultimate strength” variable, which present distribution is assumed to be independent from past 

ones, although it might change at every time slice.  

 

The corrosion wastage is the only variable that varies along time and is assumed to be dependent on 

its previous states. As will be explained in Section 4.5, the transfer model is obtained using the 

empirical formula presented in [62]. Its child evidence variable will serve the purpose of introducing 

into the model the empirical measured data.  

  

Figure 4.2. DBN of the plate strength 
case study. 
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4.4 Simulated data 

Measurements are generated one by one, in chronological order. Each measurement is obtained 

adding to the previous value the difference predicted by the formula presented in [43]. Then a random 

deviation from the predicted value is added.  

Three different sets of experimental data are generated, as follows: 

 Similar values: The curve follows the above mentioned formula with a +-10% deviation on each 

time slice. Corrosion starts at some random point between the 5
th
 and 8

th
 year.  

 Lower values:  The curve follows the above mentioned formula with a deviation from -20% to 0% 

on each time slice. Corrosion starts at some random point between the 6
th
 and 9

th
 year.   

 Higher values:  The curve follows the above mentioned formula with a deviation from 0% to +20% 

on each time slice. Corrosion starts at some random point between the 4
th
 and 7

h
 year.   

  

Figure 4.3. Theoretical and simulated experimental data 
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4.5 Corrosion wastage distribution updating 

Prior distribution of corrosion waste along time is calculated using the empirical formulae to estimate 

mean corrosion wastage and its coefficient of variation (COV) at each point of time. The mean 

corrosion wastage depth is calculated using the model proposed by Guedes Soares and Garbatov [43], 

as it was shown in Equation 2.1. Using the same assumptions as in [62],  to adjust the parameters, the 

formula will be: 

 𝑑(𝑡) = 1.07 · (1 − 𝑒−(𝑡−5) 1.64⁄ )      𝑡 > 5                (4.2) 

𝑑(𝑡) = 0                       𝑡 < 5     

The coefficient of variation of d(t) has been estimated [62] as: 

 𝐶𝑂𝑉(𝑡)  =  −0.0237𝑡 + 1.1016                 (4.3) 

This information alone would allow defining the probability distribution without taking into account the 

results from the inspections. In order to update the distribution as new information is available, 

inference algorithms for temporal models are used. As mentioned in Chapter 3, two different 

algorithms are used, namely filtering and smoothening. 

4.5.1 Filtering  

Computes the posterior distribution of the current state, given all the evidence up to the present. The 

algorithm to compute the filtered distribution was already presented in Equation 3.10.   

The filtered distribution has to be calculated recursively, starting at the time zero slice and then using 

the transition model to evaluate the probability at the next time step. For the case considered, 

corrosion appears at a random year between the 4
th
 and 9

th
 year since construction, and the algorithm 

starts one year before that.  

Since the filtering algorithm is applied only to state variables related to observations, in this problem it 

is necessary to consider only corrosion wastage. To initiate the algorithm, a prior distribution before 

the sequence of observations starts is needed. It is assumed that there is a probability of 0.9 that 

corrosion did actually start on the year it is first observed, thus the prior distribution would be a 

probability of 0 for any corrosion depth different from zero. However, there is a chance of having 

corrosion before it was detected. A probability of 0.1 is assigned to this possibility, assuming in that 

case that the prior distribution would be that corresponding to the first year after the protective coating 

disappeared according to equation 4.5.  

Filtering allows reducing significantly uncertainty. Corrosion wastage is the only parameter for which 

measurements are performed in this problem and thus the effects of filtering can be seen more clearly 

when looking into its probability distribution. It can be seen that, besides modifying the mean value, 

filtering changes the shape of the distribution and reduces very significantly the uncertainty, as now 

most of the probability is concentrated around the mean. The same effect can be observed as well on 

the probability distribution of the ultimate strenght, alghough it is less noticeable here. All this can be 

observed in Figure 4.4.  



37 

 

 

 

 

This reduction of uncertainty can also be seen when looking into the coefficient of variation, as shown 

in Figure 4.5 The COV of the filtered distribution is dominated by the sensor model, thus the standard 

deviation remains aproximately constant and, once the mean value stabilizes, so does the COV. This 

is not the case for the theoretically predicted probability distributions (and for the transition model, 

which is closely related), where the COV steadily decreases. In spite of this the coefficient of variation 

for the filtered distribution remains lower for all the time series, except for a peak on the year before 

corrosion starts when a very low mean value is assumed for the filtered case, but not for the 

theoretically one. When considering the ultimate strenght probability distributions, the same can be 

observed. The COV for the filtered distribution remains lower all the time and it does not vary as the 

theoretically predicted one does. 

Figure 4.4. Theoretical and filtered distributions; a) corrosion 
and b) ultimate strength. 
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Figure 4.5. Corrosion and ultimate strength COV; a) theoretical and b) filtered. 

 

Filtering also affects the mean value of the distributions along time. In Figure 4.6 both the theoretically 

predicted and filtered means are presented. Also, the simulated empirical measurements are plotted. 

For the sensor model used, the filtered distribution follows closely the empirical data.  

 

Figure 4.6 Mean filtered corrosion wastage over time. 

It can be observed that filtered means tend to present values lower than the empirical measurements. 

This could be explained by the different shapes of the prior probability distribution and the sensor 

model. The prior distribution, obtained through the transition model, has a significant negative 

skewness, while the sensor model follows a normal distribution and is thus symmetrical. When 

multiplying both distributions (as part of the recursive filtering algorithm), the mean value tends to be 

displaced to the left, even when the prior and the sensor model distributions have identical means. 

This can be seen in Figure 4.7, where prior, posterior and sensor model distributions are plotted. 
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j  

Figure 4.7 Prior, posterior and sensor model corrosion distribution on year 15. 

 

4.5.2 Smoothening  

Computes the distribution of past states given evidence up to the present. The algorithm to compute 

the smoothed distribution was presented already in Equations 3.16.and 3.21. 

The smoothening operation has two recursive part:  P(Xk+1|1:ek+1), which can be calculated starting at 

the initial time slice or obtained from the filtered distributions if already calculated; and P(ek+1:t| Xk), 

which can be calculated starting from the final present time slice. 

As more empirical data is taken into consideration to obtain the smoothed distribution, it will have 

lower dispersion than both the filtered and the theoretical predicted probability distributions for a given 

time slice. This can be seen in Figure 4.8 for corrosion wastage, although the difference with the 

filtered distribution is quite small. For the ultimate strength, differences between the filtered and the 

smoothed distributions are practically unobservable. 
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Again, smoothed distributions present lower coefficients of variation than both theoretical and filtered 

distributions, as shown in Figure 4.9. However, the difference between filtered and smoothed values is 

not relevant. 

 

Figure 4.9. Corrosion and ultimate strength COV; theoretical, filtered and smoothed. 

Mean values of smoothed distributions are very similar to those obtained by filtering, as it can be 

observed in Figure 4.10. However, it is remarkable that sharp changes in the time series, as that 

present on the initial year for corrosion, are somehow moderated when running the smoothing 

algorithm.  

Figure 4.8. Theoretical, filtered and smoothed distributions; 
corrosion wastage and ultimate strength. 
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Figure 4.10 Corrosion wastage mean value along time 

 

4.5.3 Sensor and transition model 

Both filtering and smoothening algorithms are based on the process being a first-order Markov chain, 

meaning the state of the system at a given time depends only on the state atthe immediately previous 

slice. This is not true for plate corrosion, which presents a non-linear behavior.  

However, it is possible to overcome this problem, as long as the transition model can be defined in a 

simple way at each time step. This is done in the present project using the corrosion prediction 

formula already introduced in equation 4.5. The year at which corrosion is firstly detected is stored and 

used as the 𝜏𝑐
∗ parameter of the formula. Then, the transition matrix is constructed. In a stationary 

process, for a variable discretized into n classes, the transition matrix would have n x n dimension. 

However, since corrosion cannot be taken as linear, it is necessary to build a set of matrices with one 

n x n matrix assigned to each time slice.  

At each step, for each possible value that the corrosion wastage can take, the conditioned probability 

distribution at next time slice is obtained using equation 4.5. The coefficient of variation is taken 

directly from equation 4.6. The mean value at the following time step is obtained adding to the present 

value the increment of the prediction function. It is necessary to correct the difference between the 

theoretical starting year for corrosion and the oberseved one. For a given time slice t, the mean value 

at next time step, w(t+1) can be calculated as:  

 𝑤(𝑡 + 1) = 𝑤(𝑡) + ∆𝑑(𝑡−𝜏𝑐
∗ + 5 + 1)             (4.4) 

 𝑤(𝑡 + 1) = 𝑤(𝑡) + [1.07(1 − 𝑒−(𝑡+1−𝜏𝑐
∗) 1.64⁄ ) − 1.07(1 − 𝑒−(𝑡−𝜏𝑐

∗) 1.64⁄ )]             (4.5) 

The sensor model used assumes that the only difference between the measured corrosion depth and 

the actual one comes from measuring tolerances. Those are assumed to be normally distributed, with 

a mean of 0 and a standard deviation of 0.2 millimeters. The sensor model can be upgraded by taking 

into consideration the methods and equipment used to carry out the inspections [55]. 
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4.6 Inference 

Exact inference has been used to obtain results for the practical case study. Particularly, variable 

elimination has been carried out. To do so, a factor is associated to each node and stored, containing 

the posterior distribution as a function of its parents (see Section 3.5.2. These factors are used for all 

posterior calculations implying the variable, so it is avoided to repeat the same operations more than 

once.  

The factor associated to each node will be a matrix with a number of dimensions equal to the number 

of parent nodes. The total number of elements contained in the matrix, E, is:  

 𝐸 = ∏ 𝑛𝑝𝑝                  (4.6) 

where p are the parent variables np is the number of categories assigned to each of these. Due to 

memory limitations in Matlab, the Dynamic Bayesian Network presented in Figure 4.6 is not practical. 

The network is further developed, so it presents a higher number of nodes but each node has a 

reduced number of parents, see Figure 4.11  

 

Figure 4.11 Developed Bayesian Network 

Here two new nodes have been added: one corresponding to the real thickness of the plate, 

calculated subtracting corrosion wastage to initial thickness, and another corresponding to the 

parameter λ, defined in equation 2.2. 

 According to this new structure, the posterior ultimate strength probability distribution on slice 0 can be 
expressed as:  

 𝑷(𝛷) =  𝛼 ∑ [𝑃(𝜆) · ∑ 𝑃(𝛿0) · 𝑷(𝛷|𝛿0, 𝜆)𝛿0
]𝜆              (4.7) 

where: 

𝑷(𝛿0): Probability distribution of initial plate deformations, as presented in Section 4.2.  
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𝑷(𝛷|𝛿0, 𝜆): Probability distribution of the ultimate strength given the initial deformations and the 

parameter λ. This distribution is taken as deterministic, so the value predicted by the equation 4.1 has 

a probability of 1.  

𝑷(𝜆): Posterior probability of the parameter λ. 

This last factor can be expressed as:  

 𝑷(𝜆) =  𝛼 ∑ [𝑃(𝜎𝑦) · ∑ (𝑃(𝐸) · ∑ {𝑃(𝑏) ∑ 𝑃(𝑡)𝑷(𝜆|𝜎𝑦, 𝐸, 𝑏, 𝑡ℎ)𝑡 }𝒃 )𝐸 ]𝜎𝑦
             (4.8) 

where t accounts for the real plate thickness and can be expressed as:  

 𝑷(𝑡) =  𝛼 ∑ [𝑃(𝑡0) · ∑ 𝑃(𝑤) · 𝑷(𝑡|𝑡0, 𝑤)𝑤 ]𝑡0
          (4.9) 

The problem is solved applying the algorithm described in Section 3.5.2.2 to equations 4.14, 4.15 and 

4.16, starting by the latest. 

Evolution of the mean ultimate strength for one of the simulations run can be seen in Figure 4.12. The 

filtered and smoothed ultimate strength values are compared to those predicted theoretically and 

those obtained considering the empirical data to be deterministic. 

 

Figure 4.12 Ultimate strength of the plate over the time 

In this case, the simulated inspection data presented higher corrosion than the theoretically predicted. 

As expected, the filtered and smoothed ultimate strength mean values are lower than those 

theoretically predicted. Just like the filtered and smoothed corrosion wastage values were lower than 

those measured empirically; the filtered and smoothed ultimate strength presents higher values than 

those obtain taking measured corrosion as a deterministic value.  
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Even when the ultimate strength mean value is lower for the filtered and smoothed distributions, the 5% 

percentile presents higher values, due to the lower level of uncertainty, as can be observed in Figure 

4.13. 

 

Figure 4.13 Ultimate strength 5% percentile over time. 

This is an interesting result given that safety limits will normally be imposed using a low percentile 

value of the ultimate strength. It is found that if empirical data is used, even when corrosion turns out 

to be worse than expected, it is still possible to make less conservative predictions regarding the 

ultimate strength.  

 

4.7 Implementation of Matlab tool  

The algorithms for performing inference on the dynamic Bayesian network presented in Section 4.4 

have been implemented into a Matlab code. This code follows the procedures described in Sections 

3.5.3, 3.5.4 and 4.6, and it is built using several independent functions. A general description of each 

of these functions is presented in Annex I, while the flowchart for the main script and most relevant 

functions is shown in Annex II. The present section presents a general overview on how the 

algorithms were implemented.  

The first step consists of defining the discrete probability distributions for every stochastic variable 

involved in the model, starting by the theoretically predicted corrosion wastage. This is done for every 

time slice, as defined by the user, calling the same function in a loop. The distributions are first defined 

as continuous and then discretized, as explained in Section 4.2, giving back two outputs: the set of 

discrete classes and the probability associated to them. All the corrosion wastage distributions are 

then redefined using an only set of discrete classes for every time slice. Finally, the probability 
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distributions are defined for all the other variables. Figure 4.14 show the flow chart for the above 

mention steps.  

 

Figure 4.14. Main script flowchart, part 1.  

The next action carried out by the code is to define the transfer function matrix or matrices for 

corrosion wastage, according to Section 4.5. The matrix can be generated either using the non-linear 

model presented in [43] or a linear one, according to the parameters set by the user. In case that 

different intervals between time slices are to be considered, a transition matrix is defined 

corresponding to each of these intervals.  The steps described above are shown in Figure 4.15. 

 

Figure 4.15. Main script flowchart, part 2. 

 

Once the model variables and transition matrices are defined the script calls for one of the inference 

functions: either for performing the variable elimination or the particle filtering algorithm. Both provide 

filtered and smoothed probability distributions for the corrosion wastage and the plate ultimate strength 

at each time slice. Within the exact inference function, the sensor model for each time is defined. The 

code performs inference a different number of times depending on the parameters set by the user: 

number of empirical data sets, linear or non-linear transfer model, approximate or exact inference and 

number of time intervals to be considered. After performing inference, another function is called to 

calculate the main statistics of the resulting distributions. These can be seen in Figure 4.16. 

Finally, a FOSM sensitivity analysis on plate ultimate strength is performed, as shown in Figure 4.17. 
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Figure 4.16. Main script flowchart, part 3. 

 

 

Figure 4.17. Main script flowchart part 4.  
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4.8 Parametric studies on the DBN model 

4.8.1 Varying the simulated measurements 

As already mentioned, the algorithm is run considering three different data sets: one with lower 

corrosion levels than theoretically predicted, one with similar values and another with higher. The 

objective is to check that the algorithm is working properly and providing reasonable results. 

Just as expected, lower levels of corrosion result on higher ultimate strength. This can be seen in 

Figure 4.18. An interesting observation is that, meanwhile theoretically predicted ultimate strength 

corrosion stabilizes with time; filtered results tend to keep a low but steady rate of decrease. This is 

due to the steady increase of corrosion filtered and smoothed mean values. 

 

Figure 4.18. Plate mean corrosion wastage and ultimate strength compared for different sets of empirical data. 

This increase in turn can be explained considering again the differences between the shapes of prior 

corrosion distributions and the sensor model. As mentioned before, filtering tends to provide mean 

corrosion values below the measured ones. However, as times increases and the same 

measurements are obtained at each time step (as occurs when corrosion stabilizes), the mean value 

tends to the measured one. Figure 4.19 shows how the posterior distribution increasingly resembles 

the sensor model as times passes.   

The results in terms of for the coefficient of variation and 5% percentile values over time turn out to be 

as expected. The time evolution is parallel for all cases, just diverging in the values due to the different 

means.  Again it is possible to see that the 5% percentile values are more optimistic for any of the 

empirical data sets considered than for the theoretically predicted values.  Both results are presented 

together in Figure 4.20. 
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Figure 4.19 Prior, posterior and sensor model distributions at different time slices. 

 

 

Figure 4.20 Ultimate strength COV and 5% percentile compared for different sets of empirical data 

 

4.8.2 Different time steps between measurements 

Different time periods between measurements are now considered. The objective is to study the 

capacity of the model for assessing an optimum interval between inspections.  Graphical 

representations of the results can be seen in Figure 4.21 and Figure 4.22. 
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Figure 4.21 Ultimate strength mean value compared for different time steps 

Although the results obtained for the different intervals between inspections diverge for the initial years, 

they tend to the same values as times goes on and corrosion stabilizes. Since the most critical 

situation, from a reliability point of view, will take place once the ship has aged and corrosion is at its 

maximum, it is possible to conclude that changing the interval between inspections does not affect 

considerably the predictions.  

 

Figure 4.22 Ultimate strength COV and 5% percentile compared for different time steps. 

Numerical results have been checked to find differences between representative parameters of the 

distribution. Three year steps and five year steps models are both compared to the one year step 

model, which is supposed to bring more accurate results. It is found that differences are quite 

irrelevant, as they do not exceed in any case a value of 2%.  

 

In spite of the small differences, it is to be remembered that this is only true for the present case. 

Given the sensor model defined, it tends to dominate the final posterior distributions. However, if the 

sensor model would have a larger standard deviation, meaning that measurements are less accurate, 

it is expected to see larger differences when changing the time steps.  
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When setting the sensor model standard deviation to 0.5mm, it is seen that as we increase the gap 

between inspections increases results increasingly differ, and that it takes a longer time for the 

different models to converge. This can be observed in Figure 4.23. 

 

Figure 4.23 Ultimate strength mean values, different time steps, less accurate measurements. 

 

4.8.3 Approximate inference 

Although for a simple case like this the computational time is admissible, exact inference is still slow 

due to the large number of possible states per variable. One way to overcome this is to use some 

approximate inference algorithm. To compare the results with those obtained with the exact method, 

the likelihood-weighting algorithm adapted for DBNs through particle filtering has been used. 

The particle filtering algorithm has been run using a number of samples 20 times larger than the 

number of categories assigned to each variable. Fixing this parameter and the number of categories in 

301, the running time of the approximate inference algorithm is 54% lower than for the exact inference 

algorithm. The results obtained are quite close to those predicted by exact inference. Results are 

presented graphically in Figure 4.24. 

 

Figure 4.24. Ultimate strength mean, COV and 5% percentile; exact and approximate results. 

The mean values obtained by both approximate and exact inference are quite similar, although the 

time series curve is not as smooth. Differences between the exact and the approximate method do not 

exceed a value of 2% at any time slice. The same can be said about the coefficient of variation and, 

as a consequence, the 5% percentile; being an exception two singular points in the 5% percentile 

series. 
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The lower the number of samples, the greater the chances to get extreme values with a significant 

probability level assigned to them. This can lead to outlying points as those shown on the 5% 

percentile graphic in Figure 4.24. It is possible to overcome this problem by increasing the number of 

samples. Running the algorithm with a number of samples 50 times the number of categories, the 

problem seems to disappear, as shown in Figure 4.25. 

 

Figure 4.25 Ultimate strength 5% percentile calculated with a higher number of samples 

However, in this case the time the approximate algorithm takes to run is only a 29% lower than the 

exact one. A more efficient way to overcome this problem, when dealing with low percentiles, is to look 

for outlying values in the time series and substitute them by an interpolation of the surrounding values.   

Anyway, it is important to remind that the variable elimination algorithm in the best case is linearly 

proportional to the size of the network, meaning the total number of entries at the conditional 

probability tables. On the other hand, particle-filtering is linearly proportional to the number of nodes 

and the number of samples. As new nodes and unions are added, the complexity of the variable 

elimination algorithm tends to increase exponentially, being the number of discrete variable classes at 

the base, while the particle filtering algorithm complexity increases linearly. Thus when confronted with 

more sophisticated models, it might become more and more worthy from the point of view of efficiency 

to use the particle filtering algorithm. 

 

4.8.4 Linear prediction model  

The dynamic Bayesian network can be very useful when the model used for predicting degradation is 

not trusted. The framework is capable to “correct” bad predictions using the data obtained from 

measurements. If measurements and predictions are somehow similar, then the algorithm will have an 

averaging effect. However, if the prediction model deviates too much from empirical data (and the 

means used to obtain it are considered to be reliable), the resulting posteriori distribution will tend to 

resemble measured degradation.  
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To test this, the algorithm is run considering a linear corrosion model, while keeping the non-linear 

simulated measurements. The linear model is built assuming that corrosion will progress linearly and 

that by the end of the time series (thirty years) it will present the same depth of wastage as the non-

linear formula.  

In Figure 4.26 the filtered mean corrosion wastage is shown, both for a non-linear and a linear transfer 

function. It can be seen that posterior predictions are much closer to the empirical data than to 

theoretical predictions. Although initial predictions of the non-linear and the linear models differ 

significantly, as the results of measurements are introduced they tend to almost the exact same values. 

 

 

 

This shows the power of the DBN approach to recognize consistent empirical data and make 

predictions according to it. Comparing the numerical results between the two models, it can be seen 

that differences between the relevant parameters do not exceed a value of 2%. The same pattern 

appears when looking into the ultimate strength predictions, as shown in Figure 4.27. 

 

 

Figure 4.27 Ultimate strength means, COV and 5% percentile values using a linear transfer function 

When dealing with a transfer function that is not trusted to describe realistically the process, making 

enough empirical measurements might become a sensitive issue. From Figure 4.28 to Figure 4.31 the 

results of two different analyses with a linear transfer function are compared. The one on the left has 

Figure 4.26 Mean corrosion wastage using a linear transfer function 
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been performed using a data set with measurements every year. The one on the right used a data set 

with measurements every five year years. Significant differences appear when comparing both mean 

corrosion values and the ultimate strength probability distributions.  

However, it is to be seen than even for a time step of 5 years the differences between the linear and 

non-linear values due not surpass the 3% for the ultimate strength mean value. The same applies to 

the 5% percentile. Also it is interesting to note that as time goes on both models converge to the same 

predictions, with differences among them not surpassing 0.5%.  

 

 

Figure 4.28. Mean corrosion wastage. Linear and non-linear models, compared for different time steps. 

 

Figure 4.29. Mean ultimate strength. Linear and non-linear models, compared for different time steps. 
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Figure 4.30. Ultimate strength COV. Linear and non-linear models, compared for different time steps. 

 

 

Figure 4.31. Ultimate strength 5% percentile. Linear and non-linear models, compared for different time steps. 

 

4.8.5 Comparison with previous studies  

Results obtained through the DBN model are now compared with those obtained in [62] using Monte 

Carlo Simulation. This is done by comparing the probability distributions of the intact plate ultimate 

strength, on year 10. The probability distribution has been obtained using the DBN algorithms but not 

taking into account any empirical data, just the theoretical predictions. In Figure 4.32 both distributions 

are plotted, together with a normal distribution fitted to the Monte Carlo simulation results.  
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Figure 4.32 Ultimate strength distribution. DBN results compared to MCS results. 

As expected, DBN results present a smoother distribution, as they are not obtained through sampling. 

Although the mean value and the distribution shape are almost identical similar, there is noticeable 

difference in the standard deviation. In the following table, the characteristic moments of both 

distributions are compared:  

Table 4.1. DBN and MCS distribution parameters compared 

Parameter DBN MCS 

Mean 222.6 222.1 

Standard Deviation 21.5 17.3 

COV 0.10 0.08 

Skewness 0.17 -0.02 

Kurtosis 3.02 3.28 

The difference between both models standard deviations is attributed to the use of a transition model 

within the DBN framework. As mentioned in Section 4.5 and shown in Figure 4.33, the prediction 

model assumes that the coefficient of variation (COV) of the probability distributions of corrosion 

wastage decreases with time. This decrease is not accounted for within the Monte Carlo simulation, 

which only considers the COV value at the studied time slice. The DBN inference process, on the 

other hand, accounts for this larger uncertainty and, to some extent, transmits it to the next time slices 

through the transition model.  

 

Figure 4.33. Corrosion wastage predicted COV 
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4.9 Sensitivity analysis 

A FOSM (First Order Second Moment) sensitivity analysis has been performed for the present case 

study. The reason is to plan possible improvements in efficiency by determining which variables are 

more relevant towards the final outcome. Discretization of the variables can be made according to this 

information, thus considering a more detailed discretization (with more categories) for those variables 

having a higher sensitivity index. 

The first-order second-moments method (FOSM) relies on the approximation of the model response 

by a first-order Taylor series expansion around a point of interest, which is typically defined as the 

mean of the model input variables. The first-order approximation of the model response can be written 

as: 
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where X = [X1, …, Xn]
T
 is the vector of mean values of the model input random variables. 

The corresponding first-order estimates for the mean and variance of the model response are then 

given by: 
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considering that the model input random variables are statistically independent. It is worth to mention 

that in this case only the first two statistical moments (i.e. mean and variance) of the marginal 

probability density functions fXi (i = 1, …, n) of the model input random variables are involved.  

A sensitivity measure for the model input random variables can then be defined by: 
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a normalization condition. 

This method provides local sensitivity measures for the model output with respect to small 

perturbations on the input variables around the expansion point. The underlying linearization may lead 
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to inaccurate estimates for the sensitivity factors in the case of nonlinear models, which the degree of 

nonlinearity is in general not known in advance. 

The results for each variable and each time slice are presented in Table 4.2. It can be seen that initial 

distortions, yield stress and Young modulus are the parameters most relevant for the ultimate strength 

prediction. Thus these three variables should be discretized using a larger number of classes. Initial 

thickness and corrosion wastage are comparatively less relevant, but their sensitivity indexes are high 

enough so they need to be accounted for. However, some simplification in corrosion wastage 

discretization would result in a remarkable reduction of computational time, as this is the only variable 

for which the filtering and smoothing has to be performed. Finally, the plate width has a really low 

sensitivity index, so it would be possible to use a coarse discretization or even not considering it as a 

random variable at all.  

 

Table 4.2 FOSM analysis sensitivity factors  

Year 

  

Sensitivity factors (αi) 

Distortion Breadth Thickness0 Yield Stress Young Corr. Wastage 

1   -0,57 -0,02 0,15 -0,49 0,62 -0,14 

2   -0,57 -0,02 0,15 -0,49 0,62 -0,14 

3   -0,57 -0,02 0,15 -0,49 0,62 -0,14 

4   -0,56 -0,02 0,16 -0,50 0,63 -0,16 

5   -0,55 -0,02 0,16 -0,50 0,63 -0,17 

6   -0,54 -0,02 0,16 -0,50 0,63 -0,19 

7   -0,54 -0,02 0,16 -0,50 0,63 -0,20 

8   -0,54 -0,02 0,16 -0,50 0,63 -0,20 

9   -0,53 -0,02 0,16 -0,50 0,63 -0,21 

10   -0,53 -0,02 0,16 -0,50 0,63 -0,21 

11   -0,53 -0,02 0,16 -0,50 0,63 -0,20 

12   -0,53 -0,02 0,16 -0,50 0,63 -0,19 

13   -0,54 -0,02 0,16 -0,50 0,63 -0,18 

14   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

15   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

16   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

17   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

18   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

19   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

20   -0,54 -0,02 0,16 -0,51 0,63 -0,17 

 

Results from the FOSM analysis (mean value and COV of the plate ultimate strength) can be as well 

checked against those obtained through the DBN.  FOSM method is much faster and simpler, but it is 

expected to be significantly less accurate. For the mean value, the divergence between the two 
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methods has its maximum value at 3.1%. The standard deviation maximum difference between FOSM 

and DBN analysis is 7.1%. Figure 4.34 shows a graphic comparison between results.  

 

 

Figure 4.34 Ultimate strength mean and standard deviation: FOSM compared to DBN 

 

 

4.10 Suggestions for further developments 

There are several improvements that could be introduced in the practical case of the corroded plate 

mode, as described below.  

4.10.1 Defining a more realistic sensor model 

The sensor model used in the present work is rather simple, thus being in question its capability to 

represent corrosion inspections in a realistic way. The present model can account exclusively for 

tolerances in the measurements. However, it does not account for the methodology used to make 

these measurements: if measurements are taken at an only point or at several; how these points are 

selected, if they are chosen randomly or looking for areas of the plate with higher corrosion wastage, 

etc. 

It is to be reminded that typically corrosion does not take place uniformly all over the plate, thus having 

areas with different levels of wastage. A realistic sensor model should account for the possibility of 

inspections missing the deepest levels of wastage and thus providing measurements differing from 

reality by values larger than tolerances. Neither has been considered the possibility of the taking 

completely erroneous measurements, non-related with reality. This will typical be a consequence of 

the measurement equipment failing, thus providing misleading results. Usually this possibility is 

modelled in reliability DBN models by introducing a binary variable accounting for each possible failure 

mode. The failure mode variable will typically be a child of the state variable at previous time slices 

and a parent of both the evidence variable and the state variable at the present time step.  
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Figure 4.35 DBN including a failure mode for the measuring device 

 

4.10.2 Accounting for variable environmental and operational conditions 

In the present dissertation corrosion has been modelled using an empirical formula that does not take 

into account changes in the ship environmental or operational conditions. However, this does not 

represent reality faithfully. Plate corrosion in ship platting is influenced by a great number of factors, 

which might change along time. Although the empirical formula suggested in [43] and applied in this 

project can be used considering averaged parameters over the whole ship life, a more accurate model 

should take into account this variability in the conditions.  

Garbatov et al. [94] have discussed the possibility to adapt this same formula to account for changes 

in the operational and environmental conditions in tanker ships. They proposed that changes in the 

conditions affecting corrosion can be modelled through multiplicative factors modifying the equation 

presented in [43]. Given the original formula: 

 𝑑(𝑡) = 𝑑∞(1 − 𝑒−(𝑡−𝜏𝑐) 𝜏𝑡⁄ )    𝑡 > 𝜏𝑐     (4.15) 

𝑑(𝑡) = 0                     𝑡 < 𝜏𝑐     

It can be corrected as: 

 𝒅𝑪(𝒕, 𝒙) = [∏ 𝒇𝒋(𝒙𝒋)𝒏
𝒋=𝟏 ] · 𝒅(𝒕) (4.16) 

 

where 𝑓𝑗(𝒙𝑗) account for each of the modifying factors, which in turn depend on a series of parameters  

𝒙𝑗 . Guedes Soares, Garbatov et al. [52] have developed formulae to account for the following 
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environmental factors, considered to be the most relevant when dealing with corrosion in plates 

exposed to the air:  

 Relative humidity, 𝑓(𝑅ℎ𝑟). 

 Chlorides ratio, 𝑓(𝐶𝑙𝑟). 

 Sulphur ratio, 𝑓(𝑆𝑂2,𝑟). 

 Temperature, 𝑓(𝑇𝑟). 

 Oxigen ratio, 𝑓(𝑂2,𝑟). 

In [52] have been suggested the following factors considering plates immersed in sea water: 

 Salinity ratio, 𝑓(𝑆𝑟). 

 Temperature, 𝑓(𝑇𝑟). 

 Oxigen ratio,  𝑓(𝑂2,𝑟). 

 pH levels, 𝑓(𝑝𝐻𝑟). 

 Flow velocity, 𝑓(𝜈𝑟). 

Obviously all these factors will vary along the ship’s normal operational life. What is suggested in [94]  

is to weight all the possible combination of factors the ship experiences proportionally to the time 

spent in each condition. Thus, if a ship is to repeat the same route over its whole life, going over the 

same sequence of conditions in a short period of time, corrosion can be estimated making a weighted 

average of the equation 5.2:  

 𝑑𝐿(𝑡, 𝑥, 𝑝) = ∑ 𝑝𝑙
𝑚
𝑙=1 𝑑𝐶(𝑡, 𝑥)                   4.17 

 𝑑𝐿(𝑡, 𝑥, 𝑝) = {∑ 𝑝𝑙 · [∏ 𝑓𝑗(𝑥𝑗)𝑛
𝑗=1 ]𝑚

𝑙=1 } · 𝑑(𝑡)       4.18 

where 𝑝𝑙 stand for the portion of the total lifespan of the ship that it sails in a given condition, meaning 

a given combination of corrosion modifying factors. However, this approach is not good to account for 

changes in the environmental conditions that take place on a time scale of years; e.g. a change of the 

regular route of the ship.  

These changes of conditions on the long term can be modelled easily using the DBN, just by adding 

variables representing the corrosion factors and weights. Evidence nodes can be added, so it is 

possible to introduce changes in the environmental conditions as they take place. On the following 

DBN, the corrosion factors affecting to an immersed plate are included into the model, along with two 

weighting factors, as shown in the DBN of  Figure 4.36. 
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Figure 4.36 DBN including corrosion and weighting factors. 

In this model, the posterior distribution of corrosion wastage at each time slice depends on the whole 

set of factors and weights. Once it is calculated, it is possible to use the transfer function, obtained 

from the original formula, 𝑑(𝑡), to get the prior distribution on the next time slice.  

 

4.10.3 Maintenance modelling 

Maintenance aspects have been left out of the present work. However, a model dealing with real life 

problems has to account for maintaining actions carried out on the structures. For instance, in the 

case of ship platting, there are regulations specifying when damage has become critical enough so it 

is necessary to replace the structural element.   

For example, considering a single plate that is to be replaced whenever the measured corrosion goes 

over a limit. No other possible kind of damage is considered for its substitution. Given these conditions, 

the system can be modelled just by adding two nodes to the network, as shown in Figure 4.37.  
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Figure 4.37. DBN accounting for maintenance. 

In this model “maintenance required” is a Boolean variable governed by a deterministic likelihood: if 

the measured corrosion goes over a certain limit, it is certain that “maintenance required” will be true. 

Age is also a deterministic variable: if maintenance is not required on the previous slice, its value will 

certainly be that of “age” on the previous slice plus one time step. If maintenance was required, then 

its value will be equal to one time step.  

In turn, “age” governs the transfer function for corrosion wastage, which will be a two dimensional 

matrix, accounting for both the age of the plate and the corrosion level on the previous time slice. This 

was actually implicitly done in the present work, where the transfer function was a function of time. 

However, since in the problem modelled the age of the plate could not swing back and forth, the “age” 

variable was not included explicitly into the graphic network to simplify its understanding.  

 

4.10.4 Including fatigue cracks 

Fatigue cracks are the other relevant cause of ultimate strength loss as a floating structure ages. A 

comprehensive DBN model trying to assess overall structural reliability should necessarily include a 

crack growth model and integrate de results of inspections. This can be easily done by adding to the 

existing network a branch including the parameters that affect crack size. 

In the network of Figure 4.38, crack size is integrated into the model presented in Figure 4.37, which 

already included maintenance. 
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Figure 4.38 DBN accounting for maintenance and fatigue cracks 

Garbatov and Guedes Soares in [39] already explored the possibility to use Bayesian updating to  

assess reliability of floating structures when plating is affected by fatigue cracks. However, their model 

made no use of DBNs.  

 

4.10.5 Yield stress empirical measurements 

Once the DBN model is built and the algorithm implemented, it is possible to take advantage of it by 

introducing new empirical data. One possible improvement is to include periodical measurements of 

the yield stress of the plate. By doing so it is possible to reduce significantly uncertainty about ultimate 

strength and possible make more optimistic predictions. This could be a way to compensate for the 

reduction of ultimate strength associated to corrosion wastage.  

 

 

Figure 4.39 DBN including yield stress measurements.  
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5 Conclusions and future work 

5.1 Conclusions 

The results of the work are considered to be satisfactory and meet the objectives of the present 

dissertation. After performing a literature review it has been shown that there is a growing interest in 

the use of Bayesian networks for probabilistic modelling and reliability assessment problems. Although 

there are still few publications applying dynamic Bayesian networks to these problems, already 

several works show the capabilities of the method have been published.  

Looking into the theoretical aspects of DBNs, there is no doubt that they are a powerful and flexible 

tool capable of dealing with very complex models and provide accurate results. When comparing 

DBNs to other methods applied to build temporal models, it is obvious that they offer the most 

versatile and probably the most efficient approach. All these factors make DBNs an attractive tool 

when trying to introduce temporality and on-going empirical measurements into reliability analysis.  

However, there are reasonable doubts about the capability of the method to deliver exact results using 

a practical amount of computational time and memory. Since computational complexity is conditioned 

by the network size and structure, it may be difficult to predict exactly time requirements as more 

complex problems are dealt with.  

Although there are algorithms designed to perform approximate inference on dynamic Bayesian 

networks, there is still on-going study about their capabilities. It is interesting to note that most of these 

algorithms actually belong to the family of Monte Carlo methods, just adapted to the DBN framework. 

Thus, dynamic Bayesian networks could be seen as a tool to represent graphically complex problems, 

to find optimized ways to build the probabilistic models and perform inference on them.  

In this dissertation a Matlab tool for performing inference in degradation problems modeled through 

DBNs has been developed and applied to a practical case study. The code has the following 

capabilities: 

 Performing inference using two different exact algorithms, filtering and smoothing, as well as 

one for approximate inference, more specifically a particle-filtering algorithm.  

 Performing inference on two different query variables: corrosion wastage and plate ultimate 

strength. 

 Account for empirical data, either in a probabilistic or deterministic way, as well as perform 

inference using exclusively theoretical predictions.  

 Performing statistical analysis of the resulting probability distributions for the query variables. 

 Performing a FOSM analysis of the ultimate strength, as well as a sensitivity analysis of the 

model variables.  

  Using different transition, sensor models, fixed intervals between time slices in the DBN and 

sets of empirical data.  

 Can be easily adapted to other similar problems. 

Regarding the practical case results, they have been satisfactory and seem to fulfil expectations. Also 

through the practical case it has been shown the utility of including empirical data into the reliability 
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model. On one hand, it made possible to obtain more optimistic predictions regarding ultimate strength 

than those obtained using only theoretical predictions, as shown in Section 4.8.1.  

At the same time, a dynamic Bayesian network combined with a suitable sensor model allow to obtain 

accurate results even when the corrosion prediction equation does not represent faithfully reality, as 

shown in Section 4.8.4. When the corrosion model predicts results similar to reality, the DBN filtering 

and smoothing algorithms have an averaging effect between the measured and predicted corrosion 

wastage. However, if measurements deviate significantly from predictions, and the measuring method 

is trusted, final results tend to resemble more and more measurements as times passes.  

The particle-filtering algorithm used for approximate inference has shown potential to provide faithful 

results. However, given the simplicity of the practical case, it implies no significant improvement from a 

computational time point of view. As mentioned in Section 4.8.3, this is expected to be different in 

more complex models, where the particle-filtering algorithm might be more advantageous.  

 

5.2 Recommendations for future work 

As has been presented in Section 4.10 a number of possible improvements for the practical case have 

been considered. These included the following suggestions:  

 Apply a realistic sensor model: The sensor model is of great relevance within the DBN model, 

as it has a significant weight in the inference algorithms. Thus it is important that it faithfully 

represents how reliable is the empirical data gathered. An overconfident sensor model will 

result in final results always resembling the gathered empirical data, regardless of theoretical 

predictive models, intervals between measurements, or the inference algorithm used.  

 Account for environmental and operational conditions: More sophisticate predictions can be 

done if the predictive formulas are adapted to the working conditions of the structure in real 

time.  

 Model maintenance: If it is wanted to use the DBN for assessing the reliability of a whole 

structure, it is necessary to consider the possibility of part of the structure undergoing 

maintenance. This can be easily implemented within the DBN framework.  

 Include fatigue cracks: The DBN model can be expanded to account for other causes of plate 

ultimate strength reduction.  

 Include yield stress measurements: Once the DBN model is constructed, it is possible to 

increase its accuracy by using different types of empirical data to update the system state.   

It is possible to make further improvements on computational efficiency. The present work did not 

have significant limitations from the point of view of computational time. For this reason, optimizing the 

use of computational time and memory was not a priority and was not studied in depth. However, 

when dealing with more complex models it might be important to pay more attention to these issues. 

The most obvious way to reduce computational time and memory would be to optimize continuous 

variables discretization. Different actions could be taken to increase efficiency:  
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 Assign a number of categories to each variable proportionally to its sensitivity coefficient: As 

already mentioned in section 4.8.5, variables having a higher influence on the objective variable 

(in this case, ultimate strength) should be described more accurately.  

 Avoid using constant width categories for the whole domain when discretizing: It might be possible 

to reduce the number of categories while maintaining accuracy by using smaller categories in the 

regions of the domain containing most of the probability.  Otherwise each variable has a large 

number of categories barely containing any probability, thus not contributing to the final outcome.  

 Finding a compromise between number of categories and accuracy: it would be necessary to 

make a systematic comparison of the number of categories used in the discretization with final 

results, using the most accurate model as a benchmark.  
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Annex I. Code modules 

The code was built using sixteen different functions. In this annex brief descriptions for each of the 

most relevant modules are presented: 

1. Corrosion measurements simulation (data_series) 

This function generates three different sets of simulated corrosion wastage measurements, together 

with a vector containing the theoretical predictions by the formula presented in [59]. The simulated 

data sets are obtained as explained in Section 4.4. This module is called by the code main script.  

2. Distribution discretization (distributiondiscrete) 

This function discretizes a continuous probability distribution, taking as an input the continuous 

probability name and defining parameters. Discretization is done according to what was explained in 

Section 4.2. This module is called by the code main script.  

3. Non-linear transfer function (transferfunction) 

It calculates the discrete probability distribution of corrosion wastage given its mean value at the 

previous time step. This is done using the model presented in [59] and according to what was 

explained in Section 4.5.3. This module is called by the code main script.  

4. Linear transfer function (transferlinear) 

It calculates the discrete probability distribution of corrosion wastage given its mean value at the 

previous time step. This is done using a linear equation and according to what was explained in 

Section 4.8.4. It is called by the code main script.  

5. Exact inference function (variableelimination) 

This function performs inference on the DBN using the variable elimination algorithm. The final 

outcomes are the following: 

- Filtered and smoothed wastage corrosion distribution.  

- Filtered and smoothed ultimate strength distribution.  

- Ultimate strength distribution using theoretical predictions for corrosion.  

- Ultimate strength distribution taking corrosion data as deterministic.  

This function is called by the code main script. In turn, it calls another three functions: factdefinition, 

pointwise and sensor. 
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6. Creation of conditional probability tables ( factdefinition) 

This function generates the conditional probability table for nodes given their parents. The relation 

between parent nodes and the child node is deterministic, so the resulting distribution will only contain 

values of 0 or 1.  The function takes as an input an equation relating parent and child nodes, as well 

as the discrete classes assigned to the parent nodes variables. The output is a matrix containing the 

conditional probability table, as well as the discrete set of classes for the child node. This module is 

called by variableelimination several times.   

7. Pointwise multiplication and variable summation (pointwise) 

Within the context of variable elimination BN inference, this function carries on pointwise multiplication 

of factors and then eliminates one variable by summing up the factor values. It can be done just for 

two factors, one of which has to be one-dimensional, or do it first for two and then perform the 

operation again with a third one, being this also one-dimensional. The outcome is a factor one or two 

dimensions smaller than the largest of the original factors. This module is called by variableelimination 

several times.   

8. Corrosion wastage sensor model (sensor) 

This function provides as an outcome a likelihood distribution given a particular corrosion wastage 

measurement. It is called by both variableelimination and aproxinference.  

9. Approximate inference (aproxinference) 

A particle-filtering algorithm is used to perform approximate inference within the DBN model. The final 

outcome is the filtered ultimate strength probability distribution. It is called by the code main script and 

in turn it calls sensor and sample functions.  

10. Sampling a probability distribution (sample) 

Generates one random sample using the inverse transform method. This module is called by 

aproxinference. 

11. Probability distribution statistics (statistics) 

For a given probability distribution, it calculates the following parameters:  

- Mean value. 

- Coefficient of Variation (COV).  

- Indicated percentile.  

- Cumulative probability distribution.  

This module is called by the code main script.  



77 

 

12. FOSM sensitivity analysis (sensitivity) 

This function performs a FOSM analysis of the model. The following outcomes are obtained:  

- Estimated mean value for the ultimate strength at each time slice.  

- Estimated standard deviation for the ultimate strength at each time slice.  

- Sensitivity index for each variable at each time slice.  

This function is called by the code main script.  
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Annex II. Code flow charts 

The code was built using sixteen different functions. In this annex the flow chart for the main 
script and some of the most relevant functions are presented. 
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